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The propagation of an Internal Solitary Wave (ISW) of depression is explored
through highly-accurate numerical simulations, over a flat surface and gently
varying bathymetry. The interaction between the ISW and the bottom bed may
produce sediment resuspension capable of influencing bed morphology, facili-
tate nutrient access for organisms living in the water column, and possibly im-
pact the integrity of bottom-lodged structures. As the wave shoals over gently
varying bathymetry, an instability may develop, inducing convective breaking
and causing the formation of a trapped, or recirculating core. The turbulent
flow inside the core dissipates kinetic energy, mixes the fluid, and transports
suspended material material, in the water column, across large distances.
To understand the impact of the propagating ISW over the bottom bed,
the pore-pressure field is examined using high-accuracy numerical simulations.
The velocity and density fields are obtained by solving the Dubreil-Jacotin-Long
(DJL) Equation, for a two-layer, continuously stratified water column. The total
wave-induced pressure across the surface of the bed is computed by vertically
integrating for the hydrostatic and nonhydrostatic contributions. The bed is as-
sumed to be a continuum composed of either sand or silt, with a small amount
of trapped gas. Results indicate variations in pore-water pressure penetrating
deeper into more conductive materials and remaining for a prolonged period
after the wave has passed. In order to quantify the potential for failure, the
vertical pore-pressure gradient is compared against the buoyant weight of the
bed. The pressure gradient exceeds this weight for weakly conductive mate-
rials. Failure is further enhanced by a decrease in bed saturation, consistent
with studies in surface-wave induced failure. In deeper water, the ISW-induced
pressure is stronger, causing failure only for weakly conductive materials. The
pressure associated with the free-surface displacement that accompanies ISWs
is significant, when the water depth is less than 100m, but has little influence
when it is greater than 100m, where the hydrostatic pressure due to the pycn-
ocline displacement is much larger. Since the pore-pressure gradient reduces
the specific weight of the bed, results show that particles are easier for the flow
to suspend, suggesting that pressure contributes to the powerful resuspension
events observed in the field.
When an ISW propagates over gently varying bathymetry, a trapped, or
recirculating, subsurface core may develop as a consequence of a preceding
convective instability. Its formation is explored through fully nonlinear and
non-hydrostatic two-dimensional simulations. The computational approach is
based on a high resolution/accuracy deformed spectral multidomain penalty
method (SMPM) flow solver, which incorporates observed background current
and stratification profile [103], along with recorded bathymetry, from the South
China Sea. Given these field conditions, the SMPM flow solver is initialized
using the solution of the fully-nonlinear Dubreil-Jacotin-Long (DJL) Equation.
During shoaling, convective breaking precedes core formation, as the ISW-rear
steepens and the trough decelerates; heavier fluid plunges forward and be-
comes trapped. This breaking mechanism is attributed to the stretching of the
near-surface vorticity layer of the baroclinic background current. Since the sign
of the vorticity is opposite to that of the propagating wave, only subsurface
recirculating cores can be obtained. Once the core is established, the ISW prop-
agates preserving its symmetric waveform. The onset of convective breaking
is visualized, along with quantifying the sensitivity of the core properties to
changes in the initial wave, near-surface background velocity, and maximum
slope of the measured bathymetry. Various methods of defining the subsurface
core boundary are explored and compared with field observations. The simula-
tions capture the development of the recirculating subsurface core, but not the
observed wave properties.
The Richardson number and lateral vorticity are used to investigate the pres-
ence of shear instabilities of Kelvin-Helmholtz (KH) type, possibly preceding
the convective instability. Results in indicate that these may occur as a conse-
quence of the convective instability, but not as an individual event. A three-
dimensional simulation is initialized prior to convective breaking and the ISW
is then allowed to propagate until convective breaking occurs. As the wave
shoals, three-dimensional breaking ensues, but no turbulent flow is simulated.
Lateral convective instabilities develop due to the primary convective overturn.
The evolution of the Kinetic Energy (KE) and Available Potential Energy (APE)
suggests that KE is extracted from the background current and converted to
APE through the buoyancy flux. Overall, the results constitute a baseline for fu-
ture three-dimensional simulations aimed at exploring the turbulent flow inside
the core.
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CHAPTER 1
NONLINEAR INTERNAL WAVES IN THE OCEAN
1.1 What are Nonlinear Internal Waves?
Nonlinear Internal Waves (NLIWs) are ubiquitous in stratified environments, in
the oceans, lakes, and atmosphere. In this study, they are regarded as large am-
plitude, long-wavelength, vertical displacements of an interface that separates
two regions with a relatively constant density value, within a water column.
This interface is known as the pycnocline and corresponds to a sharp transition
from one fluid density to the next. The density can be related to the temperature
and salinity via the Equation of State [175]; if the stratification is based on tem-
perature, then the transition region is known as the thermocline, and halocline,
if the stratification is based on salinity.
The waves have a polarity that corresponds to the direction of the pycno-
cline displacement [60]; NLIWs can be either elevation-type or depression-type.
The direction is determined by the location of the interface, with respect to the
half-depth of the water column. If the pycnocline is located above mid-depth,
then waves of depression form; the opposite occurs for a pycnocline below mid-
depth. An upward displacement is known as a crest, while a trough refers to a
downward displacement.
Once the pycnocline has been displaced, nonlinear steepening, balanced by
the nonhydrostatic dispersion, produce large amplitude oscillations, of long
wavelength, that are capable of traveling without change in form for hun-
dreds of kilometers. These interface oscillations propagate as packets, ordered
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from the largest to the smallest amplitude. Without dispersion, the waves will
steepen and break, whereas without nonlinearity waves will scatter onto higher
wavenumbers, or disperse. In the ocean, the mechanisms that can generate such
large displacements are regarded as [78]: formation of lee waves across a ridge
or sill during ebb and flood tides [66, 113], internal bores from to the receding
internal tides off the continental shelf [74, 167], the breaking of the internal tide
associated with nonlinear processes and rotation [70], localized internal tidal
energy beams [132], resonant forcing from the bathymetry [35], and gravity cur-
rents exerted by river plumes, as shown in Figure 1.1 [129, 86].
When the interface is displaced in a single direction (i.e. upward or down-
ward), a mode-1, hump-like, wave forms. If the displacement is in both direc-
tions, simultaneously, then a mode-2 wave exists, that may be either concave
[166, 173, 155, 23, 27, 38] or convex [116], where concave denotes isopycnals
displaced away from the pycnocline (i.e. bulge-like or varicose [160]) and con-
vex refers to isopycnal displacements into the pycnocline (i.e. pinch-like form).
Other higher energetic mode may exist, but the vast majority of the NLIW en-
ergy is contained within a mode-1, and to a lesser extent, mode-2 waves.
A single, large amplitude nonlinear internal wave may be represented as
a solitary wave [149], internally, also known as an Internal Solitary Wave
(ISW) [85, 37, 136]. Waves are, by definition, a propagation of energy, al-
though changes in waveform may result in the transport of mass and momen-
tum as well. Locations at which ISWs have been observed include the An-
daman Sea [136], Massachusetts Bay [66, 25, 174], Monterey Bay Shelf [31, 186],
the New Jersey Shelf [126, 161], the Northern Oregon Coast [167], the north-
west Portuguese Shelf [142], the Sulu Sea [11], and the South China Sea (SCS)
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Figure 1.1: Packets of Nonlinear Internal Waves generated from the interac-
tion between a River Plume and the Pacific Ocean, near the river mouth of the
Columbia River, in Oregon, USA. The images were obtained via SAR [78].
[77, 51, 192, 143, 104], among many others.
Internal Solitary Waves have also been observed in the atmosphere. They
can be visualized as distinct roll clouds, like the Morning Glory near the Gulf
of Carpenteria in Northern Australia, and may cover either a few kilometers
above the surface of the earth or the entire troposphere. Generation mechanisms
include gravity currents associated with katabatic (downslope) winds, blowing
over mountain ranges, and large-scale penetrative convection trapped in the
troposphere [147]. Note that the upper part of the troposphere may be defined
as a neutrally stratified or a strongly stratified upper layer that inhibits internal
reflections.
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1.2 Properties of Internal Solitary Waves in the Ocean
Internal Solitary Waves are characterized by their large length scales. Their max-
imum isopycnal displacement is known as the amplitude, regardless of displace-
ment direction; that is, how much has the pycnocline been displaced from its
reference water depth. In addition, their half-width is defined as the integral of
the maximum isopycnal displacement along the direction of propagation [90],
divided by the amplitude; twice the half-width is equivalent to the ISW wave-
length.
The waves posses a velocity scale associated with the speed of the maximum
isopycnal displacement; it is defined as the wave propagation speed and may be
used to describe how fast the wave is moving across the water column. ISWs are
also known for their distinct horizontal-induced and vertical-induced velocity
field. Mode-1 ISWs induce only horizontal motion above and below the crest or
trough, and only vertical motion ahead and behind. The direction of the velocity
is dictated by the direction of propagation. For an ISW of depression, positive
and negative horizontal velocity is induced above and below the trough, respec-
tively; negative and positive vertical velocity is induced ahead and behind the
wave, respectively. An ISW of elevation induces negative and positive horizon-
tal velocity above and below the crest, respectively, and positive and negative
vertical velocity ahead and behind the wave, respectively.
In addition to their velocity and length scales, ISWs are characterized
by their free-surface signature [139, 125, 32], also shown in Figure 1.1. A
depression-type mode-1 ISW, induces only horizontal velocity above the trough,
as previously noted. This velocity region extends up to the free-surface; here,
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the horizontal motion pushes the fluid forward, creating a modulation of the
air-water interface. This displacement is a fraction of the ISW wavelength, nev-
ertheless large enough that can be detected via Synthetic Aperture Radar (SAR)
[11].
Lastly, Internal Solitary Waves also induce pressure in the water column.
Their pressure is a combination of a non-hydrostatic component, associated
with the wave-induced velocity, and a hydrostatic component, associated with
the free-surface and isopycnal displacement [127]. The hydrostatic pressure,
due to the wave-driven perturbation, is defined as that exerted by the displaced
pycnocline; it is subtracted from the background reference state, without any
wave-driven disturbance of the pycnocline. The pressure related to the free-
surface modulation is obtained by integrating the horizontal acceleration, in-
duced at the top of the water column, in the along-wave direction. The nonhy-
drostatic pressure is obtained by integrating the vertical acceleration through-
out the water column, in the depthwise direction. The hydrostatic pressure is
the dominant component. As such, it determines the sign of the total pressure
induced by the wave.
Figure 1.2 shows the previously defined wave properties, based on a mode-1
ISW of depression propagating in the Monterey Bay Shelf. The data was ob-
tained from Acoustic Current Doppler Profilers (ADCPs) and pressure sensors
located at the bed. The Figure is courtesy of Dr. Ren-Chieh Lien from APL-UW.
In Figure 1.2(a), the black-solid lines correspond to the isopycnals; the mode-1
wave-driven perturbation displaces the isopycnals from their reference posi-
tion. The ISW propagates from right-to-left, as indicated by the purple arrow
above. In addition to the isopycnals, contours of the horizontal velocity, U, are
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Figure 1.2: Field measurements of the velocity and pressure induced by a mode-
1 NLIW of depression. In (a) and (b), the black solid lines correspond to the
isopycnals. The horizontal velocity is shown in (a) while the vertical velocity in
(b). The total pressure is included in (c), in units of length. Above the horizontal
velocity in (a), the purple arrow indicates the direction of propagation. The
figure is courtesy of Dr. Ren-Chieh Lien from the University of Washington-
Applied Physics Lab.
also shown. Above the wave trough, the horizontal velocity is in the direction
of propagation and below the trough, U is positive. In 1.2(b), the ISW-induced
vertical velocity is shown; negative vertical velocity is induced ahead of the
trough, and positive vertical velocity behind. Figure 1.2(c) shows the total ISW-
induced pressure at the bed. Since the ISW is a mode-1 depression-type, the
total pressure is negative.
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1.3 Importance of mode-1 Internal Solitary Waves in the Strat-
ified Ocean
The earliest observations of mode-1 ISWs in the ocean can be traced back to the
1950’s and 1960’s. At the time, their presence was mainly relevant to the impact
on undersea structures [137]. Recently, they have been found to cause signifi-
cant change in water column properties, providing a crucial link to large scale
oceanic processes. For instance, ISWS have been observed to induce mixing
and transport nutrients across the water column [156, 31, 121], resuspend sed-
iment [25, 142, 144, 3, 50], and impact the stability of bottom-lodged structures
[137, 136].
Figure 1.3 shows a time series of echosounder measurements displaying a
ISW of depression propagating over variable bathymetry, in the South China
Sea. Below the ISW, field observations indicate the presence of dunes of O(10m)
in amplitude by O(100m) in wavelength [144]. In addition, a layer of resus-
pended sediment and other particulates from the bottom bed is also shown;
this layer is known as a Nepheloid Layer [115]. ISWs may contribute to the per-
sistence of this layer because their propagation is characterized by an adverse
pressure gradient at the lee of the wave, that separates the bottom boundary
layer [20, 43, 28, 169]. Furthermore, ISWs of depression induce a negative pres-
sure at the bed, capable of seeping material from the pores and into the water
column [134].
As the ISW propagates over variable bathymetry, it tries to conserve its
energy by adjusting to the changing water depth; this adjustment process is
known as shoaling. Shoaling may, in fact, result in wave breaking [83, 185, 71,
7
Figure 1.3: Time series of an echsounder image of a Nonlinear Internal Wave of
depression propagating over variable bathymetry in the Northern South China
Sea. The NLIW has an approximate amplitude of 150m. Above the bottom bed,
five gray circles denote the location of dunes. The image is courtesy of Dr. Ben
Reeder from the Naval Post Graduate School.
69] that induces transport of mass and momentum, dissipation of kinetic energy,
and mixing of the fluid in the water column. The dominant breaking mechanism
may be either a convective instability [75, 64] or a shear instability [125].
A convective instability occurs when the maximum horizontal ISW-induced
velocity exceeds the wave propagation speed. Heavy fluid enters, from the rear
of the wave, into the region above the maximum isopycnal displacement, where
lighter fluid resides [148, 135, 152, 117, 183]. A shear instability may occur as the
wave grows in amplitude, pinching the pycnocline and increasing the shear at
the trough. The most observed shear instabilities are of Kelvin-Helmholtz type
[83, 18, 55, 125, 63, 56, 14, 97]. Both instabilities may be present during shoaling
[28].
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1.4 Modeling the Propagation of Internal Solitary Waves of de-
pression: A Spectral Multidomain Penalty Method-based
Approach
The propagation of an Internal Solitary Wave is a fully nonlinear and nonhy-
drostatic process that encompasses a broad range of length scales. Furthremore,
the covered distance, as well as the wavelength and amplitude, may be ofO(km),
but when the wave shoals, the lengths scales that characterize the dynamically
evolving flow may be much smaller (i.e. < O(m)). Consequently, modeling the
wave propagation demands a highly accurate numerical tool that can capture
the physical aspects, with minimal artificial dissipation and dispersion. The dis-
cretization of the governing equations using a low-order scheme can accomplish
this objective [93, 54, 99], but in the context of static grids, the associated com-
putational cost may be prohibitively expensive, given the required resolution to
model the flow scales.
To this end, a high-order spectral technique for solving the governing equa-
tions provides the most accurate approximation of the solution, while being
bounded by an error that decays exponentially with the order of the polynomial
basis [73]. By incorporating an element-based technique, the computational do-
main can be partitioned into subdomains; these could be concentrated in re-
gions of the flow where higher resolution is desired. In highly turbulent flows
(i.e Re > 105), flexibility in the subdomain positioning allows for the treatment
of strongly localized and energetic regions without over resolving less active
parts of the flow [41]. A low-order scheme may incorporate a mesh-refinement
technique that can provide further resolution in regions of interest [157, 79], but
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the high-order spectral technique, with concentrated subdomains, still yields
unsurpassed accuracy [40, 73]. Thus, a spectral multidomain method may pro-
vide an accurate representation of the propagation of an ISW, for a fraction of
the computational overhead needed for low-order schemes with minimal dis-
persive errors.
The spectral multidomain penalty method, used by the Diamessis Research
Group, was originally developed for the study of turbulent wakes in stratified
flows [41]. It has been successfully implemented over a wide range of high
Reynolds number and environmental fluid mechanic problems including: bot-
tom boundary layer instabilities beneath surface and internal solitary waves
[43, 151, 150], internal gravity wave beams interacting with the pycnocline [193]
and stratified turbulent wakes [44, 45, 194, 195]. The method spectrally solves
the incompressible Navier-Stokes Equations under the Boussinesq Approxima-
tion [92] by penalizing the discretized operators [58, 59, 73] and applying a spec-
tral filter, considered to be a stand-alone subgrid-scale model [42]. As such, it
may be applied to study environmental flows associated with the propagation
of ISWs.
1.5 Examining the Propagation of an Internal Solitary Wave of
depression
In this dissertation, three numerical studies are presented, focusing on the in-
teraction of the ISW with the bottom bed and the water column, separately, in
constant or progressively shallower water depth. Each one addresses a partic-
ular problem that is both unique and beneficial for the oceanographic commu-
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nity. One has been published in a scientific journal [145], while the other two
are being prepared for submission to refereed journals as well.
In the first study, the impact of the ISW-induced pressure on the bed is
examined. While the ISW-induced shear may be enough to cause sediment
resuspension [3], in the case of both depression and elevation-type waves
[88, 159, 31, 142], there is no study that address the impact of the pressure in
the context of a highly nonlinear propagating ISW of depression, where the
response of the bed varies with time. Of particular interest is the case where
the bed fails as a consequence of a high vertical pore-pressure gradient. For
instance, surface waves induce bed failure by generating large pressure gradi-
ents, capable of causing either piping or liquefaction. It may occur from a single
wave propagation event, from the prolonged exposure of the bed to progres-
sive waves, or storm wave events. These examples of failure are caused by the
increase in the vertical pore-pressure gradient, that may be larger than the buoy-
ant weight of the bed. Piping refers to the process by which fluid is extracted
from the bed. On the other hand, liquefaction is the process by which the soil
looses its rigidity and behaves like a fluid. ISWs of depression, with much larger
length and time scales, induce a negative pressure at the bottom, that is strong
enough to draw fluid from the porous bed; the larger the wave the stronger the
induced pressure gradient. Their large induced pressure may be sufficient to
cause liquefaction as well. Once failed, the loose material is more susceptible to
resuspension and transport.
The second study examines the adiabatic shoaling of large amplitude ISWs
of depression. Field observations [102, 103] indicate that over gentle slopes
(< 0.03), the waves do not lose their energy to wave fission, or dispersion,
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but rather experience convective breaking, dissipate their kinetic energy, mix
the fluid in the water column, and transport mass while retaining their shape.
These waves are known to propagate with a trapped, or recirculating core, that
transports material into the shallower continental shelf waters. Field observa-
tions have only been able to show the properties of the fluid engulfed within the
trapped core, at a fixed location in the South China Sea, and prove the presence
of a convective instability. However, little is known as to how the cores form
and whether it is a localized event, tied to a particular oceanographic region,
or perhaps a more common phenomena that is seldom observed. Only a par-
tial description of time-evolution associated with wave propagation is known.
It is very challenging, and costly, to probe the wave over large distances, that
are on the O(100km). As such, a high fidelity simulation can complement the
field observations and perhaps generate a new vision on the role of convective
instabilities in shoaling of ISWs of depression over gentle slopes.
The third and final study focuses on the formation of the convective insta-
bility in a three-dimensional framework. The subsurface recirculating core is
inherently three-dimensional; it dissipates turbulent kinetic energy and mixes
the fluid in the water column. However, little is known as to how the convec-
tive overturn, that leads to a subsurface core formation, can occur in the pres-
ence of any lateral instability. In addition, the role of the background current in
the wave energetics is explored; the current corresponds to an active source of
kinetic energy during shoaling. Overall, this study study will complement the
two-dimensional work introduced in the second study, and lay the foundation
for future simulations that will examine the turbulent flow within the subsur-
face recirculating core and the mass transport capability of the wave.
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1.6 Outline of the Dissertation
This dissertation focuses on three problems related to the propagation of the
ISW: one over a flat bed and two over gently varying water depth. Each study
has its own Chapter, that includes an Introduction to the the problem along with
driving questions, a Methodology section describing the modeling approach
and initial conditions, a Results section describing the outcome of the simula-
tions, and a Discussion section addressing any outstanding outcome. The last
Chapter of the dissertation contains an overview of the results of each study,
and future work. The Appendix includes the equations used to generate the
initial conditions of each study.
In Chapter 2, the interaction between the ISW induced pressure and the bed
is explored. The governing equations for pore-pressure are presented, along
with the high-accuracy computational method, an a discussion on the possibil-
ity of ISWs causing bed failure. As part of the study, the properties of the water
column and bed are varied to examine which conditions are ideal. The results
of this study were published in the Journal of Geophysical Research: Oceans1.
Chapter 3 examines the formation of convective instabilities in ISWs of de-
pression in the South China Sea (SCS), in a two-dimensional context. The study
aims to complement the field observations of Dr. Ren-Chieh Lien, and his team.
In two separate deployments in the SCS, the team was able to observe sub-
surface recirculating cores. No other location in the world is known to exhibit
ISWs with this particular features. Their large scales makes field observations
very challenging thus motivating a computational-based approach to explore
1Rivera-Rosario, G.A., P.J. Diamessis, and J.T. Jenkins (2017), Bed Failure induced by internal
solitary waves, J. Geophys. Res. Oceans, 122, 5468-6485, doi:10.1002/2017JC012935.
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the shoaling process in this region. The chapter begins with a brief discussion
on ISWs with recirculating cores, followed by the underlying problem and ques-
tions to try and address Dr. Lien’s observations. A discussion on the field con-
ditions, governing equations, and computational approach ensues. Results are
presented, along with variations of the initial conditions that address the wide
parameter space of the problem.
Chapter 4 builds from the two-dimensional study of Chapter 3 and focuses
on the formation of the convective instability in a shoaling ISWs of depression,
but with a three-dimensional framework. A brief introduction of the problem is
presented, along with the governing equations in three-dimensions. The com-
putational domain is also shown including the choice of boundary conditions
for the lateral domain. Results include characterizing the lateral instability dur-
ing convective breaking, examining the role of the background current in the
ISW energetics, and describing the spanwise evolution of the velocity and den-
sity field, due to the preceding convective instability, in a shoaling ISW of de-
pression over gentle slope. As mentioned earlier, under such low slope values,
the ISW does not breakdown, but rather retain its symmetric shape as it propa-
gates into the shallower waters of the continental shelf.
Lastly, Chapter 5 includes the concluding remarks of this dissertation. Re-
marks on possible future work are also discussed. Supplemental material is
included in Appendix A.
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CHAPTER 2
THE PRESSURE INDUCED AT THE BED BY A PROPAGATING
INTERNAL SOLITARY WAVE OF DEPRESSION
2.1 Introduction
Nonlinear internal waves are capable of inducing significant pressure in the
water column and upon the seafloor during their passage. They are ubiquitous
phenomena in the stratified ocean, that produce isopycnal displacements which
are a significant fraction of their wavelength. NLIWs are frequent in the strat-
ified ocean, having been observed across the globe [77, 192, 143, 104, 25, 174,
31, 186, 126, 161, 142]. The depths across all locations vary substantially and,
consequently, so does the wave-bed interaction. Understanding this connection
is of interest in terms of sediment resuspension which may influence the bed
morphology [144, 50], nutrient access for organisms living far away from the
bed [3, 142] and the integrity of bottom-lodged structures [17, 130, 61, 170].
As mentioned in Chapter 1, a particular and frequently occurring form of
NLIWs are Internal Solitary Waves (ISWs) [68]. ISWs are either depression-type
or elevation-type, depending on the direction of the displacement of the py-
cnocline and its location with respect to the mid-depth of the water column.
The total induced pressure at the bed, a combination of both hydrostatic and
nonhydrostatic contributions [127], follows the displacement of the pycnocline;
waves of elevation induce a positive total pressure at the bed, while waves of
depression induce a negative total pressure. The first studies of the changes in
pore-pressure induced by interfacial waves only considered a spatio-temporal
periodic train of waves, with amplitudes much smaller than the wavelength
15
[34, 187]. Under such context, the internal-wave induced pressure, at the bot-
tom of the water column, may be obtained from the solution of an eigenvalue
problem in the vertical direction. However, the assumption of small interfacial
oscillations, compared to the wavelength, is not an accurate representation of
highly nonlinear internal solitary waves. Given the large amplitude, the ISW-
induced pressure at the bottom of the water column will be significantly differ-
ent from that obtained for the linearly approximated interfacial waves.
In environments where ISWs are found, the bed can be considered as a con-
tinuum with varying properties. In situ sampling of the bed material indicates
the presence of fine sands to silts and clay at water depths between 60m to 80m
at the Stellwagen Basin [25], fine sands, gravel and silts with their respective
concentration varying with water column depth in the Nazare´ Canyon [142],
and medium to fine sands in the Northern South China Sea [144]. Thus, the
bed composition varies substantially and the pore-pressure response will not be
the same across these different marine environments, because, by Darcy’s Law,
seepage is a function of the bed properties.
Important features of the bed composition are its conductivity, stiffness and
saturation. For a fine material of weak conductivity, the stiffness of the bed
and its saturation dictate how pressure changes associated with the passing of
a wave are transmitted through the medium [190]. Stiffer beds, in the absence
of saturation, transmit pore-pressure changes quickly. Furthermore, bed satura-
tion, a measure of the amount of trapped air or gas, plays a critical role, because
its compressibility contributes to the attenuation of pore-pressure near the top
causing bed failure, or momentary liquefaction [15]. The bed failure is the re-
sult of a vertical pore-pressure gradient larger than the buoyant specific weight
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of the porous medium. The exact source of the trapped gas is not known, but
some authors attribute it to the decomposition of organic material [176]. Oth-
ers argue that, if the bed is exposed to air during a low tide event, trapped air
within the bed is possible, once it becomes again fully submerged [118]. Thus,
wave-induced pore-pressure changes can result in failure, as a consequence of
pore-pressure build up, for the appropriate combination of both the bed con-
stituent and saturation.
Observations in coastal environments, as well as laboratory experiments and
numerical simulations, have identified the occurrence of wave-induced bed fail-
ure, but only for surface waves. These surface wave studies include those on
trains of waves of the same amplitude [158] and the passage of the trough of
the leading progressive surface wave [153]. Simulations include solitary sur-
face waves [105], in which the presence of trapped gas in the bed is consid-
ered important. Furthermore, analysis of soft-sediment deformations in the
Guadalquivir Basin and the Betic Cordillera has supported the possibility of
bed failure due to surface wave action [120, 7]. Conclusions about potential bed
failure were based on theoretical work that stated that only strong horizontal
pore-pressure gradients can cause failure [15, 110]. However, the vertical pres-
sure gradient may induce failure over a nearly saturated bed, if the wave trough
is deep enough [171]. In such circumstances, fluid seeps vertically from the bed,
potentially displacing bed particles. Only wave events with a strongly-induced
negative pressure are capable of causing such failure.
ISWs of depression have the capacity to induce a strong negative pressure
and, consequently, their passage could result in bed failure. For instance, below
sluggish ISWs of depression, vertical seepage is greatly enhanced, resulting in
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fluid being drawn from the bed and, possibly, contributing to the resuspension
of particles [134] . If the assumption of very slow motion is disregarded, then
time-dependence is introduced. Under such circumstances, the compressibility
of the soil skeleton and the fluid need to be accounted for [111]. As noted earlier,
such time dependence has only been explored with surface wave-bed interac-
tion and small amplitude and, periodic internal waves, but not with strongly
nonlinear internal solitary waves of depression.
The above discussion motivates further consideration of bed response under
the presence of an internal solitary wave. This chapter seeks to characterize the
ISW-induced pressure field and its capacity to fail the bed for a depression wave.
The pressure evolution inside the bed is modeled using a high-order numerical
scheme. The primary objective is to identify thresholds of stratification, key
wave properties and the soil constituents that result in bed failure. Ultimately,
the motivation is to highlight the role of the ISW-induced vertical pressure gra-
dient during bed failure, with the aim of driving future field measurements to
test the results of this study.
The presentation of this Chapter is as follows: Section 2.2 discusses the
methodology employed to solve the governing equations in porous media flow.
The problem geometry, with the relevant underlying assumptions, precedes the
discussion of the numerical method, including the choice of boundary condi-
tions. Particular emphasis is placed on the role of soil and fluid compressibility
and how the bed and water column are modeled. Section 2.3 contains the re-
sults of the simulations, detailing both the induced pore-pressure and vertical
pore-pressure gradient. The latter is expressed in the context of the ratio of
the dimensional vertical pore-pressure gradient to the buoyant specific weight
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of the porous medium. Section 2.4 contains a discussion of field observations
of the changes in pore-pressure due to surface waves, including possible bed
failure, a discussion of the pressure induced by ISWs of elevation, the connec-
tion between shallow and deep water environments, including the role of the
ISW-induced free surface displacement in the total pressure, and the possible
enhancement of particle resuspension due to the vertical pore-pressure gradi-
ent.
2.2 Methodology
2.2.1 Problem Geometry: Water Column and Wave-Forcing
Figure 2.1 illustrates both the water column, ISW and the porous medium in
the model computational domain used for the present problem. On the wa-
ter side, a two-layer continuous density stratification is assumed. The pycno-
cline displacement is driven by a depression wave with an amplitude A, half-
wavelength LW , and a propagation speed c. The half-wavelength is defined as
the integral of the pycnocline displacement in the streamwise divided by the
amplitude [90]. The top layer, of thickness h1, has a density ρ1, lighter than that
of the bottom layer with thickness h2 and density ρ2. The bed is treated as a
uniform continuous layer of either either sand or silt with thickness Lη.
The wave velocity and density fields are obtained from fully nonlinear the-
ory based on the Dubriel-Jacotin-Long (DJL) Equation, [106, 179] using a nonlin-
ear eigenvalue solver [52]; it generates an exact solution to the incompressible
Euler equations under the Boussinesq approximation in a reference frame, x− z,
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Figure 2.1: Problem Geometry for an ISW of depression propagating over a
uniform bed of thickness Lη. The wavefield velocity and density perturbation
are computed in a reference frame, x − z, moving with the wave. The bed lies in
a fixed reference frame, ξ − η. The boundary conditions of the porous medium
are also shown. In addition, periodicity is assumed in the streawise direction.
traveling with the wave. The DJL Equation is presented in Appendix A. The bed
is in a fixed reference frame ξ − η; both the moving and fixed reference frame
can be related via a Galilean transformation. Correspondingly, the wave im-
poses a translating boundary condition on the fixed frame. In the present study,
for a given water depth, H, pycnocline location, thickness and reference den-
sity, the available potential energy (APE) [96] of the downward wave-displaced
pycnocline is specified initially, generating an ISW with the minimum kinetic
energy. The APE is defined as the minimum energy required to adiabatically
bring a parcel of fluid from its displaced location back to its reference location.
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Subsequently, the available potential energy is progressively increased until the
largest wave-induced depression is attained, for the particular stratification pro-
file. Lastly, the wave amplitude is the maximum isopycnal displacement given
the specified APE.
Only two components of the wave-induced pressure are considered for this
part of the study: the hydrostatic pressure due to the wave driven density per-
turbation (pwh) and the non-hydrostatic pressure (pnh), which is a function of
the vertical accelerations within the wave [127]. The ISW-induced free-surface
displacement, and its corresponding pressure, is not accounted for. Its influ-
ence is addressed separately in the discussion section. The first two pressure
components are given by
pwh =
∫ H
z
ρwgdz′, (2.1)
and
pnh =
∫ H
z
ρo
Dww
Dt
dz′, (2.2)
where D/Dt, the material derivative, for a wave traveling without change in
form, is expressed as
D
Dt
= (uw − c) ∂
∂x
+ ww
∂
∂z
. (2.3)
In Equations (2.1) and (2.2), ρw is the wave-driven density perturbation, uw and
ww are the wave-induced horizontal velocity and vertical velocity, respectively,
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ρo is the reference density, g is the gravitational acceleration, and c is the wave
propagation speed. The reference density is chosen as the value of the density
in the middle of the pycnocline. The total wave-induced pressure is the sum-
mation of pwh and pnh, and its value at z = 0 is set as the boundary condition at
the top of the bed.
2.2.2 Problem Geometry: Bed
A porous bed, subjected to a constant vertical load, can be considered laterally
confined if the horizontal dimension is much larger than the vertical [182]. Un-
der such circumstances, any horizontal deformation may be neglected, and the
bed will compress in the direction in which the load is being applied. Thus, the
change in pore-water pressure, p, derived from conservation of mass [15] inside
the porous bed, can be expressed by
k
ρog
52 p = (α(z) + nβ′) ∂p
∂t
. (2.4)
In Equation (2.4), the bed compressibility, α, is taken to vary in the vertical direc-
tion. This parameter relates the changes in void ratio to the changes in effective
stress, and shall be addressed in the subsequent section. The bed, with a poros-
ity of n = 0.30, is considered to be isotropic, meaning that the conductivity, k,
is independent of orientation in space. Its value can be obtained from experi-
mental data, field observations or through analytical expressions using the soil
relative density and the particle diameter [101]. Table 2.2.2 presents the bed
classification, considered in this study, based on the particle diameter and the
corresponding conductivity.
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Table 2.1: Properties of the porous bed used in this study
Material Diameter (µm) [25, 144] Conductivity (ms−1) [101]
Medium Sand 200 8.0 × 10−5
Fine Sand 100 2.0 × 10−5
Coarse Silt 40 3.2 × 10−6
Medium Silt 20 8.0 × 10−7
Finally, the fluid compressibility inside the bed is considered through the
parameter β′, which accounts for a small amount of trapped gas. The response
of the bed under a fully saturated porous medium is not explored, as it was
originally thoroughly addressed for surface waves and is not necessarily repre-
sentative of wave-induced bed response [122, 111].
Bed Compressibility
The deformation of the bed is modeled using Lame´’s parameters, which de-
scribe the elastic behavior of the continuous medium [24]. The response, is as-
sumed to be a function of space, described by effective Lame´’s parameters, con-
sidering non-cohesive particles [46]. This formulation is presented in Appendix
A. The corresponding vertical effective stress is denoted as ση = (ρs − ρo)gη,
where η is the vertical coordinate in the bed and ρs is the particle density, taken
to be that of quartz, 2650 kgm−3. The presence of the coordinate η, in the effective
vertical stress, indicates that the compressibility will vary in the vertical direc-
tion. The bed is assumed to be laterally confined, which implies that there will
be no horizontal displacements. The vertical dimension of the bed, Lη, is taken
to be much less than its horizontal dimension. The vertical bed compressibility
is then
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α(z) =
1
(2µ¯(z) + λ¯(z))
, (2.5)
where λ¯ is Lame´’s effective first parameter and µ¯ is the effective shear modulus.
The calculation of the compressibility begins five particle diameters into the bed,
making this vertically offset location effectively the top of the bed.
Equation (2.5) indicates that stiffer materials have a lower degree of com-
pressibility. With quartz as the main soil particle constituent, α is found to
smoothly vary from 10−7 (Nm−2)−1 at the top of the bed to 10−9 (Nm−2)−1 at the
bottom of the bed, for both sand and silt. Larger values of α correspond to the
top of the bed, where the effective stress is smaller.
Bed Saturation
In a nearly saturated porous medium, the fluid compressibility is expressed as
function of the amount of trapped gas. The fluid compressibility, β′, may be
given as [181, 15]
β′ = β +
1 − S r
po
. (2.6)
Here, S r is the fraction of trapped gas, β is the bulk modulus of water, β =
2.3 × 109 (Nm−2)−1 , and po is the absolute pore-water pressure. The latter is the
background hydrostatic pressure at the bottom of the water column, without
the presence of an internal solitary wave. The values of S r are chosen as 0.97
and 0.99 for all depths [61, 176, 118]. However, it is emphasized that actual
field observations of how much gas is trapped at the depths considered by the
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present study is not well documented and caution should be exercised when
extrapolating values of S r used here to the field.
2.2.3 Numerical Method
To solve Equation (2.4) numerically, a Fourier-Legendre collocation method is
utilized. Through a Fourier discretization in the horizontal periodic direction
and a single domain Legendre-polynomial collocation scheme in the vertical di-
rection, higher-order accuracy is achieved [91]. Temporal advancement is per-
formed via an implicit third-order backward differentiation scheme [138]. Fig-
ure 2.1 indicates the relevant boundary conditions. The domain is taken to be
long enough to avoid any interaction between the ISW-induced pressure signal
inside the bed and its periodic image. At the top of the computational domain,
a time dependent Dirichlet boundary condition for the wave-induced pressure
is imposed. As the wave moves from left to right, the pressure field at the bot-
tom of the water column is interpolated onto the computational grid by cubic
splines, using the Galilean transformation ξ = x− ct. The bottom boundary con-
dition is a no-flux Neumann boundary condition, representing an impervious
layer below the porous bed. In addition, the computational grid is composed
of
[
Nξ,Nη
]
grid points in the horizontal and vertical direction, respectively. The
timestep is ∆t = ∆ξ/c, where ∆ξ = Lξ/Nξ.
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2.2.4 Simulation Description
Application of the algorithm to solve the DJL equation [52] requires supplying
the available potential energy, pycnocline thickness, δpyc, and a density differ-
ence of ∆ρ. The dependency between the maximum allowable wave amplitude
and the resulting pressure is explored in a sequence of test runs to determine
which stratified environment yields the largest ISW-induced pressure. The wa-
ter depth is taken to be H = 50m, typical of continental shelf environments,
where nonlinear internal waves and internal solitary waves have been observed
[126, 31] and also where the bed properties have been sampled. Three possible
pycnocline thicknesses are selected, δ/H = 0.02, δ/H = 0.04 and δ/H = 0.06
[98], along with the two-layer continuous density thickness ratios of h1/h2 = 1/3,
1/5, 1/7 and 1/10, typical of oceanic and coastal observations of ISWs. Consis-
tent with the Boussinesq approximation of small relative changes in density, the
density jump across the two-layer setting is specified as ∆ρ = 40 kgm−3, with a
reference density value of ρo = = 1020 kgm−3, similar to laboratory experiments
[118] and environments with fresh, lighter water on top of saltier, heavier water
[21]. The reference density is the density at the middle of the pycnocline. The
characteristic ISW properties for the above stratification parameter values are
shown in Table 2.2.
With the obtained ISW-induced velocity and density fields, the hydrostatic
and non-hydrostatic contributions to the pressure at the bed are computed via
trapezoidal integration of Equations (2.1) and (2.2) using Matlab’s trapz, which
is spectrally accurate for the Fourier grid of the DJL solver [22]. The pressure
at the top of the bed is taken to be the total pressure at the bottom of the water
column ensuring a one-way coupling between the wave-induced pressure field
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Table 2.2: Properties of Internal Solitary Waves Based on Stratification Parame-
ter Space
δpyc/H h1/h2 Amplitude (m) Bottom Pressure (Nm−2)
0.02
1/3 -5.2750 -1,833
1/5 -6.5499 -2,042
1/7 -7.3475 -2,105
1/10 -7.7720 -2,027
0.04
1/3 -9.8744 -3,483
1/5 -12.0698 -3,852
1/7 -11.9231 -3,434
1/10 -12.8987 -3,409
0.06
1/3 -12.8337 -4,691
1/5 -16.2443 -5,594
1/7 -17.4837 -5,602
1/10 -17.6312 -5,015
and pore-pressure changes. With the above choices of pycnocline thickness, the
test cases shown in Table 2.2 agree with previous studies [98]. Thicker pycno-
clines are found to support higher amplitude waves. Therefore, for high bottom
pressures induced by ISWs of depression, the pycnocline thickness should be
δpyc/H ≥ 0.06 and the two-layer continuous density thickness ratio should be
h1/h2 ≥ 1/5, as shown in Table 2.2. Finally, there is also a significant decrease
in total pressure observed when transitioning from h1/h2 = 1/7 to h1/h2 = 1/10,
as the wave amplitude increases. This effect occurs because higher amplitude
waves also induce a higher non-hydrostatic pressure. Therefore, in the present
study, the baseline case, is defined as the propagation of an ISW of depression, in
a water depth of H = 50m with two-layer ratio of h1/h2 = 1/7, which yields the
highest wave-induced pressure consistently, regardless of the thickness of the
pycnocline and wave amplitude, for all values of δpyc/H and h1/h2, as shown in
Table 2.2.
Table 2.3 contains the parameters used to simulate the bed response in this
study, including the resulting wave celerity and half wavelength for the speci-
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Table 2.3: Simulation Parameters for the baseline case
Parameter Value Parameter Value
Nξ 4096 ∆t 0.36 s
Nη 130 ∆ξ 0.73 m
Lξ 3000 m c 1.98 ms−1
Lη 50 m LW 100 m
fied water column depth and the two-layer continuous density thickness ratio
as noted in the baseline case. The domain length is set by comparing the wave
propagation and pressure diffusion time scale, with the average value of α, for
the porous medium under the given parameters. From Equation (2.4), an ef-
fective diffusion coefficient, κ, is obtained by grouping together the constants
associated with both the porous medium and the water column. The coefficient
is expressed as,
κ =
k
ρog(α(z) + nβ′)
, (2.7)
with units of length-squared over time, where the overline denotes the verti-
cally averaged soil compressibility in space. Since the diffusive time scale, L2w/κ,
is larger than that of the wave, Lw/c, a lag of the wave-induced pressure inside
the bed will occur once the wave has passed. This phenomenon has been doc-
umented for surface wave-induced pressure [190]. Therefore, a domain length
of approximately Lξ = 30LW is chosen to allow the wave-induced pore-pressure
pattern to achieve its full spatial extent, after the ISW has passed a given, fixed
location. In addition, this long domain also respects the periodic boundary con-
ditions imposed in the streamwise direction by the numerical scheme. Finally,
the choice of bed thickness also respects the requirement of being larger than
the diffusive length.
28
Table 2.4: Values of the vertical scale, ηo, for the baseline case.
Material S r = 0.99 S r = 0.97
Medium Sand 6.9450 m 4.4309 m
Fine Sand 3.4720 m 2.2150 m
Coarse Silt 1.3884 m 0.8857 m
Medium Silt 0.6943 m 0.4428 m
2.3 Results
An appropriate scaling is sought to present the results in dimensionless form.
In this study, the relevant pressure scale is chosen to be that of the hydrostatic
pressure of an ISW, ∆ρgA, which is the larger contributor near the bed. The
relevant horizontal length scale is the half wavelength, LW , and the time scale
is that of the propagating wave LW/c. The vertical dimension is scaled by the
diffusive depth, ηo =
√
κLw/c. The values of ηo, used in this study for the baseline
case, are presented in Table 2.4, for saturation values of S r = 0.99 and S r = 0.97.
Thus the nondimensional parameters used in this study are expressed as,

p+ = p
∆ρgA ,
η+ = η
ηo
,
ξ+ = ξLW ,
t+ = tLW/c .
(2.8)
From the solution of the DJL Equation, for the baseline case, the hydrostatic
and nonhydrostatic pressure can be computed using Equation (2.1) and Equa-
tion (2.2), respectively. The ISW-induced pressure, at the bottom of the water
column, is presented in Figure 2.2, in a reference frame moving with the wave.
For an ISW of depression, the total pressure is negative, because the hydrostatic
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Figure 2.2: ISW-induced pressure at the bottom of the water column for a two-
layer, continuously stratified water column with a thickness ratio of h1/h2 = 1/7
in a water depth of H = 50m (baseline case). The pressure is computed in a
reference frame moving with the ISW. The dash-dash line corresponds to the
hydrostatic pressure defined in Equation (2.1), the dash-dot line corresponds
to the non-hydrostatic pressure, defined in Equation (2.2), and the solid line is
the summation of both pnh and pwh. ISWs of depression induce a total nega-
tive pressure, due to the dominant hydrostatic component associated with the
pycnocline displacement.
component is the largest contributor. As previously mentioned, changing from
the moving reference to the fixed reference frame involves the Galilean trans-
formation, denoted by ξ, of the total pressure.
The change in pore pressure induced by the passage of the ISW is shown in
Figure 2.3, for a partially saturated bed composed of medium-size sand for the
baseline case. During passage, the ISW leaves a diffusive imprint similar to that
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Figure 2.3: Contour of the changes in pore-pressure for a partially saturated bed
composed of medium sand, for the baseline case. The ISW travels with celerity
c, from left to right. The total ISW-induced pressure, at the bottom of the water
column, is shown in the top panel.
under a solitary surface wave [105] . The changes in pore-water pressure not
only penetrate deeper into the bed, but persist once the wave has passed.
2.3.1 Vertical profile of the induced changes in pore-pressure
The vertical structure of the change in pore-pressure is shown in Figure 2.4, for a
fixed location in the bed with the baseline conditions, during the passage of the
ISW. Three instances were chosen to illustrate the change of the pore-pressure:
before the wave arrival (Figure 2.4c), directly under the wave trough (Figure
2.4b), and after the wave has passed by (Figure 2.4a). For each location, the
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Figure 2.4: Vertical structure of the change in pore-pressure at a fixed location
along the bed, during the passage of an ISW of depression, for the baseline
case. The ISW propagates from left to right, where (a) is after the passage of
the trough, (b) corresponds to the instance under the wave trough, and (c) cor-
responds to the instance before the arrival of the trough. The dotted, dashed-
dotted, dashed, and solid line corresponds to a bed composed of Medium Sand,
Fine Sand, Coarse Silt and Medium Silt, respectively. The properties of the bed
are included in Table 2.2.2. The scaling parameters collapse the data for both S r
= 0.99 and S r = 0.97. Note the differences in minimum and maximum values of
p+ in each of the three panels.
range of p+ has been adjusted, in order to highlight the magnitude of the change
in pore-pressure. The instance before and after the arrival of the ISW is defined
as the moment at which the ISW-induced pressure is ten percent of the mini-
mum pressure. The remaining bed properties are shown in Table 2.2.2. Since
the ISW-induced pressure is negative, the passage induces a deficit in the pre-
existing pore-pressure. The deficit is more pronounced under the wave trough
and persists after the wave has traveled by.
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Table 2.5: Penetration depth, η+0.1, of the change in pore-pressure during ISW
passage.
Material η+0.1
Medium Sand -1.8061
Fine Sand -1.7378
Coarse Silt -1.5776
Medium Silt -1.5776
2.3.2 Depth of penetration for the changes in pore-pressure
A penetration depth, inside the bed, can be computed by considering the depth
at which the change in pore-pressure is ten percent of the minimum ISW-
induced pressure, located at the wave trough. The depth can be a measure of the
extent of the region across which significant seepage might occur. In the present
study, this depth is denoted as η+0.1, and is presented in Table 2.5, for the dif-
ferent bed constituents. Previous studies have considered a penetration depth,
as a function of the aspect ratio of the bed, based on sinusoidal pressure wave
patterns [134]. This approach essentially serves as a proxy for the ISW-induced
pressure of depression-type, forcing the bed. Such analysis has been performed
for an observer in a reference frame moving with the wave. In addition, the de-
pendency of the penetration depth on the pressure signal itself was evaluated
by changing the wavelength content of the sinusoidal pressure forcing. It was
found that for long wavelength perturbations, the penetration depth increased
and this depth was further enhanced by increasing the domain length. Thus,
internal solitary waves, with a characteristic long wavelength, induce a change
in pore-pressure that penetrates deeper into the bed. The results presented in
Figure 2.4 indicated that, for a bed composed of a more conductive material,
such as medium sand, the penetration depth approaches a distance comparable
to the wave amplitude.
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2.3.3 Variation of vertical pore-pressure gradient
For a bed material that is less conductive, the deficit in pore-pressure does not
penetrate deeper into the bed. If the soil saturation is reduced from S r = 0.99
to S r = 0.97, the corresponding increase in the concentration of trapped gas en-
hances the build-up of pore-pressure for all materials, giving rise to steeper gra-
dients. The vertical pore-pressure gradient can be a measure of vertical seepage
within the bed and, consequently, of possible failure. The gradient can be com-
pared to buoyant specific weight of the porous medium, γs, and can determine
whether momentary liquefaction can occur [15]. This parameter is expressed as,
γs = (1 − n)(ρs − ρo)g, (2.9)
where ρs is the particle density of quartz, 2650 kgm−3. Therefore, bed failure
occurs if the vertical pore-pressure gradient is larger than the buoyant weight of
the bed, or −∂p/∂η ≥ γs. The sign convention distinguishes between the wave-
induced pressure gradient, in the water column, and the vertical pore-pressure
gradient inducing upward seepage, within the bed, during the ISW passage.
Making the vertical pore-pressure gradient dimensional and, normalizing it by
the buoyant weight of the bed, yields the failure criteria as,
Γ ≥ 1, (2.10)
where
Γ = −∂p
+
∂η+
(
∆ρgA
γsηo
)
. (2.11)
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In the present work, the seepage is not symmetric about the wave trough,
because the pressure forcing is translating along the bed. As such, the maximum
magnitude of vertical pressure gradient is not under the wave trough, as one
would expect for a forcing independent of time [134]. The dimensional vertical
pore-pressure gradient normalized by the buoyant weight of the bed, for the
baseline case, is shown in Figure 2.5, for saturation values S r = 0.97 and S r = 0.99.
The gradient is obtained by spectrally differentiating the simulated pressure
field [91]. The position, along the wave, at which the maximum magnitude of
the vertical pore-pressure gradient is located indicates that subsequent onset of
vertical seepage begins before the trough has passed by ξ+ ≈ 0.5. When the
saturation is decreased from S r = 0.99 to S r = 0.97, the gradient is strong enough
to overcome the submerged specific weight and, possibly, cause bed failure.
A measure of the thickness for the failed layer can be obtained by delineat-
ing, along the bed, where the condition expressed in Equation (2.10) is valid. In
Figure 2.6, the dashed line demarcates the lower boundary of the region where
the vertical pressure gradient is higher than the buoyant specific weight of the
porous bed. This region is computed to be approximately η+ = -0.1741. In addi-
tion, the penetration depth, as defined in Section 2.3.2, is also shown in Figure
2.6, and is found to be approximately η+ = -1.7351. This scenario suggests that,
for a bed with a weak conductivity, the changes in pore-pressure impact approx-
imately the top one meter of the bed, with only 2% of the thickness of the bed
subject to failure.
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Figure 2.5: Dimensional vertical pore-pressure gradient normalized by the
buoyant weight of the bed, and denoted as Γ, defined in Equation (2.11), for
the baseline case with a bed saturation of S r = 0.97 (top) and S r = 0.99 (bottom).
The decrease in pore-pressure build-up in the less conductive materials (see Ta-
ble 2.2.2), results in bed failure when the gradient exceeds the buoyant specific
weight of the porous medium. The gray line denotes the threshold for failure,
as expressed in Equation (2.10).
2.4 Discussion
2.4.1 Penetration depth and thickness of failed layer based on
field observations
While there is no experimental or field measurement of the penetration depth
for ISW-induced pore-pressure changes, theoretical, experimental and field
work, involving surface wave-induced pore-pressure changes, have reported
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Figure 2.6: Vertical pore-pressure gradient, −∂p+/∂η+, for the baseline case, with
a bed composed of medium silt and a saturation of S r=0.97. The ISW-induced
pressure, associated with the propagating ISW from left-to-right, is presented
at the top, while the contour of the vertical pore-pressure gradient is shown
at the bottom. The penetration depth, where the pore-pressure is an order of
magnitude above the ISW-induced pressure, is denoted as η+0.1, and is shown as
the dashed-dot line. The depth inside the bed, where failure criterion denoted
in Equation (2.10), is shown as the dashed line.
comparable values. Such studies have predicted depths in excess of 30m
[111, 133]. Other surface wave-induced pressure work suggested that the the
presence of trapped gas leads to a decrease in the depth of the change in pres-
sure, for depths more than 10m [176]. Wave-induced pore-pressure has been
recorded as low as 37m below the seafloor, in 5m-deep water [36]. Such pres-
sure measurements have been associated with surface waves of at least 3m in
amplitude [53]. In addition, in waters depths of 13m at the Mississippi Delta,
field observations indicate a penetration depth of the change in pore-pressure
to be more than 6m into the bed [16]. Thus, in the present study, taking into
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account the values of ηo in Table 2.4, penetration depths of similar order are
possible.
Field observations of wave-induced bed failure in coastal environments have
been associated with liquefaction during storm wave propagation. These waves
are characterized by having long wavelength, compared to the depth in which
they propagate. For instance, considering soft-sediment deformations of de-
posits near the Guadalquivir Basin, surface waves, during storm events, are ca-
pable of liquefying up to 2m of soil, below the water column [120]. Furthermore,
liquefied sediment up to 1.5m thick, has been suspected analyzing sedimentary
deformation in the eastern Betic Cordillera, and attributed the bed failure to
storm waves with amplitudes greater than 6m in water depths between 10m to
20m [7]. It is noted that, both locations involved deposits that were submerged
during the Upper Miocene epoch, and are not an indication of recent wave-
induced liquefaction observations in the field. Nevertheless, the present study
suggests that if bed failure were to occur during propagation of ISWs, the thick-
ness of the failed layer would be of smaller dimension, than that documented
for surface waves.
2.4.2 Comparison with Internal Solitary Waves of elevation in
a similar environment
When the pycnocline is located in the bottom half of the water column, ISWs of
elevation can form [19, 88, 159, 76, 31]. Assuming properties of the water col-
umn similar to the baseline case, with a two-layer continous density ratio with
h1/h2 = 7, an ISW of elevation resembling an inverted ISW of depression can
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be obtained from the solution of the DJL Equation. Similar to the total pres-
sure of the baseline case, the hydrostatic and nonhydrostatic component can be
obtained from Equation (2.1) and Equation (2.2), respectively.
Due to the dominant hydrostatic pressure, associated with the displacement
of the pycnocline, elevation-type ISWs will induce a total positive pressure at
the bottom of the water column. Therefore, bed failure, as defined in Equa-
tion (2.10) and (2.11) will most likely not occur because although the induced
changes produce, effectively, an excess of pore-pressure inside the bed, the now
positive vertical pore-pressure gradient at the lee of the wave ( ξ+ ≈ −0.8 in
Figure 2.5 for a depression ISW) is not strong enough to overcome the buoy-
ant weight of the bed. Consequently, other mechanisms of failure need to be
explored.
From the analysis of propagating breaking or near-breaking surface waves,
it is possible that a steep wavefront could potentially induce a strong horizontal
pressure gradient [110], capable of causing bed failure, as long as the gradient
is larger than the mobilized internal friction of the grains. In dimensional form,
the failure criterion based on the horizontal pore-pressure gradient can be ex-
pressed as,
∂p
∂ξ
> γstanφ, (2.12)
where φ is the internal friction angle of the bed material. Using Equation (2.12),
solitary surface waves may be capable of inducing bed failure, but only with a
significant portion of trapped gas inside the bed [105]. While ISWs are charac-
terized by a large amplitude, and consequently meet the requirement of a steep
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wavefront, in the present study the assumptions on the uniform conductivity
and bed dimensions, as presented in Table 2.3, makes less significant the hori-
zontal pore-pressure gradient. Thus, future work will be aimed towards modi-
fying the bed properties and addressing the role of the horizontal pore-pressure
gradient induced by ISWs.
2.4.3 Possible failure in deeper environments
The depth considered for the baseline case (H = 50m), in which ISWs propagate,
is not unique. Nonlinear, ISW-like, internal waves of depression propagate in
water depths in excess of 50m [144] [180] [50]. The results shown so far are lim-
ited to a small range of depths in which ISWs have been recorded. Therefore, the
sensitivity of our findings to the water column depth must be explored. Using
the criterion for bed failure in Equations (2.10) and (2.11), a range of test cases
has been examined in deeper waters. The additional depths considered are:
80m, 100m, 200m and 500m. Figure 2.7 shows the dimensional vertical pore-
pressure gradient defined in Equation (2.11), for the two-layer, continuously
stratified water column with thickness ratio denoted by h1/h2, with both satura-
tion values, for each water depth considered. In all of the proposed depths, the
maximum available potential energy for the given stratification has been used
to generate the strongest ISW. The ISW-induced pressure in increasingly deeper
waters is enough to induce failure for weakly conductive materials using the
properties in Table 2.2.2, regardless of the bed saturation. Additionally, for this
type of bed material, all dimensional vertical pore-pressure gradient result are
above unity, regardless of layer thickness ratio, indicating that failure does not
depend on the relative depth of the pycnocline.
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Figure 2.7: Maximum dimensional vertical pore-pressure gradient normalized
by the buoyant weight of the bed, as expressed Equation (2.11). The vertical
pore-pressure gradient is presented as a function of the water column depth
for each type of soil and two-layer continuous density water column with ratio
h1/h2 = 1/3 (a), 1/5 (b), 1/7 (c) and 1/10 (d). The top and bottom figures corre-
spond to saturation values of S r = 0.97 and S r = 0.99, respectively. The grey line
denotes the threshold for failure, as expressed in Equation (2.10).
The data presented in Figure 2.7 was obtained from ISWs generated from the
DJL Equation ([52]) with a fixed pycnocline thickness δ/H = 0.06, fixed density
jump ∆ρ/ρo = 40/1020, and a varying two-layer ratio h1/h2, for all water depths.
Since the maximum available potential energy was supplied in all test cases,
ISWs with larger amplitude will be generated when the water column depth is
increased. The increasing ISW amplitude, as a function of the water depth, is
shown in Figure 2.8 for a two-layer ratio of h1/h2 = 1/3, 1/5, 1/7 and 1/10. Due
to the dominant hydrostatic pressure component, as presented in Figure 2.2,
the amplitude is the primary controlling factor of the absolute maximum ISW
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Figure 2.8: Internal solitary wave amplitude as a function of the water depth
for a two-layer, continuously stratified water column with ratio h1/h2= 1/3, 1/5,
1/7 and 1/10.
wave-induced pressure at the bottom of the water column, because Equation
(2.1) describes the dominant pressure component at this location. Thus, the
total ISW-induced pressure is expected to become increasingly negative with
water depth, producing more favorable conditions for bed failure due to larger
pressure values.
In addition to the ISW-induced pressure, bed failure in deeper water depths
can also be associated with the bed response. The response is characterized by
the diffusive depth, ηo, in the vertical direction inside the bed. A larger diffusive
depth implies less accumulation of changes in pore-pressure near the top of the
bed, and, consequently, lower likelihood of bed failure. The possibility of bed
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failure due to either the larger ISW, or the bed response, can be addressed by
examining the ratio ∆ρgA(γsηo)−1, originally expressed in Equation (2.11). The
results are shown in Figure 2.9, for a two-layer continuous density water col-
umn with thickness ratios h1/h2 = 1/3 (a), 1/5 (b), 1/7 (c) and 1/10 (d). As the
two-layer ratio is decreased from h1/h2 = 1/3 (a) to 1/10 (d), ∆ρgA(γsηo)−1 ex-
hibits an increasingly nonlinear growth. This growth can be attributed to the
increase in the wave speed with water depth [168], as well as the increasing
amplitude. Therefore, the possibility of bed failure in deeper environments can
be attributed to a combination of both the ISW-induced pressure and the bed
response, and is further accentuated by the decrease in the two-layer ratio h1/h2.
The present study considers a fixed δpyc/H and ∆ρ/ρo. Clearly the values
of both of these parameters can vary in nature. In Table 2.2, it was shown
that a smaller value of δpyc/H will yield lower ISW amplitude. Hence, ISWs
propagating in environments with thicker pycnoclines are more likely to cause
failure. However, apart from the pycnocline thickness, the density jump,
∆ρ/ρo, could play a more significant role in the changes in pore-pressure be-
cause, besides the water depth, it is directly linked to the propagation speed
of ISWs. The density jump is unique for each environment including oceanic,
coastal, and limnological, among others. Values range from O(10−3) to O(10−1)
[88, 125, 159, 129, 142, 161, 8, 21, 102, 103, 186]. Higher ∆ρ/ρo implies faster
propagating waves, that will not allow for deeper penetration of changes in
pore-water pressure and, increase the build-up of pore pressure near the top of
the bed. Caution should be exercised when extrapolating the observations made
in this study to deep-water ISWs in the field. In addition to the driving role of
the wavelength, the present results highlight the importance of the ISW celer-
ity as controlling factor of penetration depth and, the possibility of bed failure
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Figure 2.9: Ratio of the ISW-induced pressure, scaled as ∆ρgA, to the bed pres-
sure scale, γsηo, as a function of the water depth, for a two-layer continuous
density water column with ration h1/h2 = 1/3 (a), 1/5 (b), 1/7 (c) and 1/10
(d). Internal solitary wave amplitude as a function of the water depth for the
two-layer continuous density water column with ratio h1/h2= 1/3, 1/5, 1/7 and
1/10. For a fixed pycnocline thickness δ/H and density jump ∆ρ/ρo, supplying
the maximum available potential energy will yield a larger wave, as required
by the method of [52].
[134]. Lastly, it is noted that since ISWs in deeper waters have a larger ampli-
tude, the vertical accelerations, that influence the nonhydrostatic contribution
to the pressure, vary with the total depth as well. Thus, difference in the bottom
ISW-induced pressure across water depths will not be captured by the current
pressure scale.
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2.4.4 Role of free-surface induced pressure
The role of the ISW-induced pressure associated with the free-surface displace-
ment [127] has been neglected up to this stage of the study. Nonetheless, its
contribution can be quite significant, as it acts to counter the hydrostatic pres-
sure associated with the pycnocline displacement. The observed magnitude of
the ISW-induced free surface displacement is reported to be on the order of 10−2
to 10−3m [146] and, therefore, its impact is much more pronounced at shallower
depths, due to the reduction of the total ISW-induced hydrostatic pressure. The
pressure induced by the ISW-driven free-surface, poh, can be estimated from the
horizontal ISW-induced velocity at the surface [127]. This component of the
pressure can be expressed as
poh = ρogηo, (2.13)
where the surface displacement is obtained by
ηo = −1g
∫ x
−∞
Duo
Dt
dx′. (2.14)
Here, uo denotes the horizontal velocity at the top of the water column, at the
free-surface. Therefore, the total pressure at the bottom of the water column
is now considered as the sum of the hydrostatic pressure, Equation (2.1), the
nonhydrostatic pressure, Equation (2.2), and the free-surface induced pressure,
Equation (2.13). The dependence on the free-surface induced pressure is consid-
ered by computing the vertical pore-pressure gradient and comparing it against
the buoyant specific weight, as shown in Figure 2.10 for various water column
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Figure 2.10: Maximum dimensional vertical pore-pressure gradient normalized
by the buoyant weight of the bed, as expressed Equation (2.11), as a function
of the water column depth, for each type of bed, with and without free-surface
induced pressure. The maximum ISW amplitude has been used for a two-layer,
continuous density ratio with thickness h1/h2 = 1/7. The top and bottom figure
correspond to saturation values of S r = 0.97 and S r = 0.99, respectively. The
gray line denotes the threshold for failure, as expressed in Equation (2.10).
depths. Only the two-layer continuous density thickness ratio h1/h2 = 1/7 is
considered, because it is associated with the strongest ISW-induced pressure, as
shown in Table 2.2.
As observed in Figure 2.10, the impact of the ISW-induced free-surface pres-
sure is quite significant. Free-surface pressure acts to increase total bottom pres-
sure. Nevertheless, bed failure in water depths smaller than 100m is still pos-
sible only for weakly conductive materials due to the decrease in saturation.
However, as the water depth is increased, the possibility of failure also increases
and, consequently, at depths H ≥ 100m, the effects of free-surface induced pres-
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sure are not large enough to prevent failure. Hence, the free-surface induced
pressure, can be significant enough to prevent bed failure during propagation
of an ISW, but only at depths where H < 100m.
2.4.5 Possible Impact on Particle Incipient Motion
In the context of particle incipient motion and sediment transport, the vertical
pore-pressure gradient can be an additional force to consider, because it acts to
reduce the buoyant weight of the particles, in the bed. As such, a modified di-
mensionless shear stress, or Shields parameter, that considers the vertical pore-
pressure gradient can be derived to address the possibility of incipient motion.
This modification has been utilized in the study of incipient motion of parti-
cles in the bed due to an oscillatory flow [112],. It has been incorporated in the
study of surface wave-induced seepage [13] and bed failure due to surface wave
runup and rundown [172]. The modified dimensionless shear stress, or Shields
parameter, is given as,
θ+ =
τb/ρo
g(s − 1)d − g [−∂(p/γl)/∂η] d , (2.15)
where τb is the shear stress at the top of the bed, s is the density ratio, s = ρs/ρo, d
is the particle diameter, and γl is the specific weight of the fluid. Equation (2.15)
can be regarded as the ratio of the shear force to the modified buoyant force of a
particle, where the modification arises from the presence wave-induced vertical
pore-pressure gradient. In the present study, the ISW-induced shear stress is not
computed, as we consider the inviscid propagation of an ISW where the no-slip
condition at the bed is not accounted for. Therefore, it is not possible to directly
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compute the ISW-induced shear stress at the top of the bed.
Particle resuspension, during the propagation of an ISW of depression, has
been documented in the field [144]. For instances, previous studies proposed
that the global instability at the lee of the wave, of the separated wave-induced
boundary layer [43, 4], acts as a possible mechanism powerful enough to resus-
pend sediment. Experimental work has provided additional insight towards the
capacity of the instability to drive resuspension [26, 28], as well as, simulations
[169]. Furthermore, the ISW-induced resuspension has been parametrized by
considering vertical velocity bursts, occurring behind the wave during propaga-
tion [3]. This approximation of the ISW-induced shear stress may be expressed
as,
τISW = ρ2c2o [0.09ln (ReISW) − 0.44]2 , (2.16)
where co is the linear wave propagation speed in a two-layer continuously strat-
ified water column (c2o = ∆ρgh1h2/(ρoH)) and ReISW is the momentum thick-
ness Reynolds number based on the wave-induced bottom boundary layer
(ReISW =| U2 |
√
LW/(ν(| U2 | +c) where ν is the kinematic viscosity and U2 is the
horizontal ISW-induced velocity at the bottom layer). Applying Equation (2.16)
to observed nonlinear internal waves [142], suggests that the ISW-induced shear
stress with Equation (2.16) to be 8.979 Pa or 8.803 × 10−3 m2s−2 [3].
In addition, it is possible to estimate the impact that the ISW-induced verti-
cal pore-pressure gradient can cause on the buoyant weight of a particle, as ex-
pressed in Equation (2.15), with the results of the present study. Using the bed
properties found in Table 2.2.2, for a medium-sized sand particle, the buoyant
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weight, g(s−1)d, is computed to be 3.135×10−3 m2s−2. From Figure 2.7, for a wa-
ter depth of 80m, similar to that where NLIWs have been observed [142], with
a two-layer ratio of h1/h2 = 1/7, the contribution of the vertical pore-pressure
gradient, g
[−∂(p/γl)/∂η] d, is 3.154 × 10−4 m2s−2 for a saturation of Sr = 0.97 and
2.233 × 10−4 m2s−2 for a saturation of Sr = 0.99. This contribution represents a
reduction in the buoyant particle weight of 11% for a saturation of S r = 0.97 and
8% for a saturation of S r = 0.99, and could be significant enough in the presence
of a shear-inducing mechanism. Thus, for powerful resuspension events, such
as the nepheloid layer [144] or the formation of sand waves due to ISW passage
[50], the ISW-induced pressure could drive a substantial contribution, and in
the presence of shear stress, facilitate resuspension.
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CHAPTER 3
FORMATION OF RECIRCULATING CORES IN INTERNAL SOLITARY
WAVES OF DEPRESSION SHOALING OVER GENTLE SLOPES
3.1 Introduction
As mentioned in Chapter 1, Nonlinear Internal Waves (NLIWs) have long been
associated with the transport of energy, mass, and momentum in stratified
flows. These long nonlinear and nonhydrostatic waves adjust their waveform
while propagating over varying bathymetry. This adjustment process is known
as shoaling; through the turbulence it enhances inside the NLIW, it is a major
mechanism by which mixing in the interior of the water column is intensified
[125, 161], nutrients are transported across long distances [121], and particulates
are resuspended from the bottom bed [144]. Shoaling NLIWs may profoundly
change the properties of the water column, with broader implications for ma-
rine habitats and deep-sea exploration.
The largest observed NLIWs have been found in the South China Sea (SCS)
[77, 192, 143, 104]. These waves are generated by the interaction between the
internal tide and the bathymetry in the eastern Luzon Ridge [9]. Once formed,
NLIWs propagate for hundreds of kilometers and arrive at the western con-
tinental shelf. Worthy of note is the region regarded as the Dongsha Plateau,
or Dongsha Slope, located near Lat. 21o N, Lon. 117.5o E. Here, NLIWs have
been observed to not break, but rather adjust to the decreasing water column
depth and retain their symmetric shape until they reach the shallower continen-
tal shelf.
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A shoaling NLIW may lose energy via dissipation or scattering onto higher
wavenumbers upon encountering variations in the water column depth. In the
absence of significant energy dissipation, the wave may be regarded as shoal-
ing adiabatically. Adiabatic shoaling has been addressed in the context of In-
ternal Solitary Waves (ISWs) of depression over idealized and gently varying
bathymetry (i.e. S < 3%) [48, 62, 184]. An ISW is a large amplitude, single
depression (mode-1) of the pycnocline, where nonlinearity is in balance with
dispersion; it is commonly used as a characteristic representation of a NLIW.
Simulations of a ISW shoaling over a bathymetry similar to that of the Dongsha
Slope suggests that the waves undergo adiabatic shoaling, where their sym-
metric shape is preserved as they arrive into the shallower continental shelf
[99]. Hence, adiabatically shoaling ISWs, such as those found near the Dong-
sha Slope, do not lose significant energy as a result of propagating over slowly
varying bathymetry.
When an ISW shoals over steeper slopes (i.e. S ≥ 3%), the wave propaga-
tion speed, c, decreases below the maximum wave-induced horizontal velocity,
Umax, inducing a steepening of the rear of the wave, overturn, and disintegra-
tion [83, 183, 5]. However, over gentle slopes the propagation speed may drop
below Umax, but the ISW will not disintegrate. Instead, it steepens at the rear
with heavier fluid plunging forward, becoming entrained above the location of
the maximum isopycnal displacement, or trough. The ISW is said to be con-
vectively, or kinematically, unstable [148, 135, 71] because the infringed fluid is
heavier than the surrounding and locked with the wave. This trapped region is
convectively unstable, with Umax > c, and may be described as a vortex core, or
a region with closed streamlines [39, 6].
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A closed streamline core is by definition recirculating and has been observed
in ISWs in the field [128, 141, 102, 103, 191], experiments [37, 64, 28, 107], and
simulations [94, 95, 57, 100, 72, 165, 87, 30, 108, 99, 109]. The core’s convectively
unstable nature enhances turbulent mixing and energy dissipation in the water
column. Concurrently, ISWs with recirculating cores may also transport mass
across large distances (i.e. O(km)). The process by which heavy fluid enters
the core may be regarded as ”breaking”, but it is not abrupt enough to cause
a complete wave disintegration. As such, ISWs with recirculating cores have
undergone convective breaking, and remain convectively unstable due to over-
turning induced by the recirculating motion itself, as they propagate over the
gently varying bathymetry.
The mechanism by which a convective instability and a recirculating core
forms during shoaling was first addressed, through experimental and theoret-
ical studies of a wave-driven disturbance propagating in a two-layer density
stratification, over an idealized slope-shelf bathymetry [71]. Under such condi-
tions, the amplitude of the incident ISW can be related to the lower layer thick-
ness at the shelf, and to check that convective overturning, characterized by
a larger on-shelf velocity than the wave propagation speed, occurs; a convec-
tively unstable shoaling wave has an amplitude that is approximately 40% of
the lower layer thickness. Experiments of an ISW shoaling over a continuous
slope also have concluded that the wave becomes convectively unstable when
the wave amplitude reaches 40% of the bottom layer water depth [69]. Simula-
tions of a shoaling ISW over a slope-shelf bathymetry have also concluded that
an ISW breaks over a slope-shelf bathymetry because the amplitude exceeds the
40 % of the bottom layer water depth, but if this condition is not met, the ISW
propagates onto the shallow shelf zone [183]. These studies recognized that, the
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ISW-induced horizontal velocity exceeds the wave propagation speed immedi-
ately before the the wave breaks and that when breaking occurs, waves may
transport mass upslope. As such, examining the wave amplitude for a given
bed slope, may can indicate the presence of a a convective instability and a re-
circulating core.
Given a bottom bed slope, it may be possible to extract the wave ampli-
tude required for convective overturn and the formation of a recirculating core
[183]. Nevertheless, the fluid properties in the water column may be just as
significant as the properties of the bathymetry [94]. Numerical studies have
considered the role of the background density and current over idealized slope-
shelf bathymetry and established that recirculating cores are possible if there is
baroclinially-generated near-surface vorticity present, through the background
density field. These have also highlighted the importance of the baroclinic back-
ground current during wave propagation [168, 95, 165] . For instance, in the
absence of near-surface stratification, trapped cores may be possible so long as
there is near-surface shear [165]. Therefore, comparing the ISW amplitude to
the bottom layer thickness, for a given bed slope, may be an indicator of con-
vective breaking and recirculating core formation, but so does the preexisting
vorticity at the top of the water column. In addition, without near-surface vor-
ticity the ISW will be conjugate flow-limited, where the wave broadens and the
trough becomes flat as it shoals over the slope, or shear-instability limited, be-
cause the value of the local Richardson Number decreases with increasing wave
amplitude [94, 95].
To this date, the theory, laboratory, and simulations of recirculating cores
in ISWs have only focused on a category regarded as surface-type, which may
53
be different than that observed in the field. Surface cores reside at the top of
the water column, above the trough. The field observations have also noted
that that ISWs of depression can support subsurface cores, located closer to the
wave trough [102]. What determines the depth of the core is the sign of the near-
surface vorticity associated with the preexisting baroclinic background current,
not the density field [67]. A recirculating subsurface core forms as the ISW
shoals, because the near-surface vorticity layer in the water column is stretched
by the propagating wave, with Umax increasing past the wave propagation speed
[97]. The comparison between the maximum ISW-induced velocity and propa-
gation speed represents the second criterion to account for the presence of sub-
surface recirculating cores. Although, if the wave amplitude is compared to the
thickness of the bottom layer in the water column, the ISW with subsurface re-
circulating cores observed are very close to the limit of 0.4 [103]. The amplitude
and velocity scale criteria are still applicable to establish the presence of a re-
circulating core, but the predominant mechanism that leads to core formation
remains to be identified.
Within the convectively unstable region, surface recirculating cores are
known to contain a single rotating vortex [94, 95, 72]. Subsurface recirculat-
ing cores have been observed to have two counterotating vortices [102]. These
vortices contribute to the mixing of the fluid inside the core and the dissipa-
tion of the turbulent kinetic energy of the wave. It has been argued that the
dissipation may be approximately four orders of magnitude higher than that of
the open-ocean [102]. In addition, the fluid inside the convectively unstable re-
gion is observed to be transported with the ISW. In this context, the associated
instantaneous mass transport may be approximately 18Sv. Thus, subsurface re-
circulating cores provide a mechanism by which mass is transported, fluid is
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mixed, and energy is dissipated in the water column.
The field observations of subsurface recirculating cores are based on single-
point measurements [102, 103]. Questions still persist regarding the process
by which shoaling ISWs reach the convective breaking regime and the ensuing
subsurface core formation occurs within the wave. Given the computational
resources available nowadays, it is possible to complement the field observa-
tions in the Dongsha Slope with high-accuracy/resolution and fully nonlin-
ear/nonhydrostatic simulations. To this date, no study has attempted to sim-
ulate subsurface recirculating core formation with observed field conditions.
Since, the aforementioned studies also measured the bathymetry, the shoaling
process can be simulated with both the observed properties of the water col-
umn and the observed water depth. The formation of the convective instability,
and subsequent recirculating core, can then be applied to the simulated fields,
thereby bridging the gap between localized observations and the full evolution
of the shoaling process.
As the foundation of the numerical tool used in this Chapter, the spectral
multidomain penalty method (SMPM) [58, 59, 41, 73] , has been successfully
applied to the study of small scale stratified flow processes [44, 2, 194, 195],
without minimal artificial dispersion and diffusion, including the propagation
of Internal Solitary Waves in a uniform depth wave-guide and their 2D study of
their interaction with a model no-slip sea floor [43]. Recently, the method was
also adapted to include deformed boundaries, while preserving its high-order
accuracy, thereby allowing the incorporation of gentle bathymetry over long
domains [80]. Thus, the SMPM flow solver can be used to study shoaling ISWs
over gentle slopes and long distances, along with the formation of subsurface
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cores, based on high-accuracy/resolution simulations that can incorporate the
recorded field conditions.
The present study aims to complement the single-point field measurements
of the subsurface core performed by collaborator Dr. Ren-Chieh Lien and his
team [103]; their study is hereby referred to RCL14. The observations were based
on two moorings, deployed along a localized region in the Dongsha slope, and
ship surveys that tracked the waves, as these approached the moorings. First,
the formation of a subsurface core from a shoaling ISW with an initial ampli-
tude comparable to the measured value is explored. Second, the sensitivity of
the obtained subsurface core to the initial conditions is addressed by selecting a
larger initial wave, modifying the near-surface background current profile, and
modifying the SCS bottom slope. The measured background density and cur-
rent profile, prior to the wave arrival, along with the SCS bathymetry, provide
the reference baseline for the simulation performed. The two questions guiding
this study are: a) what are favorable conditions for the formation of recircu-
lating subsurface cores in ISWs shoaling over gentle slopes? and b) how do
variations in the properties of the water column and bathymetry impact sub-
surface core formation? Numerical simulations in two dimensions address the
shoaling problem over a reduced section of the transect spanned by RCL14. Re-
sults are compared with field observations to try and match ISW properties and
the size of the convectively unstable region. In addition, the amplitude of the
ISW is compared to the thickness of the lower layer of the water column, to ex-
amine the applicability of the amplitude-shelf criterion [71]. The dissipation of
kinetic energy and mass transport are not computed, as these will be the focus
of a separate study, within the identified parameter space of the present work.
The present study aims to establish the foundation for future 3D simulations of
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a shoaling ISW with a subsurface recirculating core.
This Chapter is structured as follows: Section 3.2 discusses the methodol-
ogy which includes the background field conditions, the governing equations
of ISWs with recirculating subsurface cores, problem geometry, and simulation
description. Section 3.3 presents the results, detailing the wave properties for
a given initial ISW. The effect of the maximum value of the Dongsha Slope is
also addressed, as this corresponds to the only region within the SCS where the
subsurface cores can be observed. Section 3.4 explores the variations in the ini-
tial conditions and how these may impact the results in Section 3.3. Particular
emphasis is placed on the initial ISW amplitude and the magnitude of the near-
surface shear, associated with the baroclinic background current. Conclusion
and suggested future work are included in Chapter 5.
3.2 Methodology
3.2.1 Field Conditions
Figure 3.1 shows the bathymetry of the region of interest in the SCS, along with
the bathymetry presented in RCL14, in which NLIWs were tracked. Figure
3.1(a) contains the General Bathymetric Chart of the Oceans (GEBCO) 30 arc-
second interval grid data. Within the SCS, RCL14 tracked NLIWs from Lat. 21o
N, Lon. 119o E to Lat. 21o N, Lon. 116.5o E. These coordinates lie along the
normal-to-isobath track along which NLIWs are found to propagate. The ob-
served water depth, along this track, is denoted as the solid-black line in Figure
3.1(a) and 3.1(b). Note that the GEBCO data is used only to visualize the South
57
Figure 3.1: (a) Bathymetry of the South China Sea, as found in the General
Bathymetric Chart of the Oceans (GEBCO). The landmasses are shown in white.
RCL14 tracked NLIWs from Lat. 21o N Lon. 119o E to Lat. 21o N, Lon. 116.5o
E. This path is denoted as the black solid line in (a). The measured bathymetry
is shown in (b). A reduced one-dimensional bathymetric transect of approxi-
mately 80km is extracted, over the distance covered by RCL14, to simulate ISW
propagation in this study (magenta overlaid on black in (a) and (b)). The corre-
sponding bottom slope for the shortened path is shown in (c). RCL14 deployed
subsurface and surface moorings at Lat. 21.07o N, Lon. 117.27o E and Lat. 21.07o
N, Lon. 117.22o E, respectively. These moorings are denoted by the black-cross
markers in (a) and as the black-dashed lines in (b) and (c).
China Sea, not to extract any detailed water depth information.
The particular choice of bathymetry profile is crucial in dictating the physics
of the shoaling problem. Thus, the characteristic bathymetry necessary for sub-
surface core formation is taken to from the measured data in Figure 3.1(b). The
GEBCO database corresponds to an approximated water depth from an algo-
rithm based on Generic Mapping Tools 1, which may not capture the water
depth along the coordinates of interest as accurately as the observational mea-
surements have.
RCL14 deployed subsurface and surface moorings at Lat. 21.07o N, Lon.
117.27o E and Lat. 21.07o N, Lon. 117.22o E, respectively; these are approxi-
1see https://www.bodc.ac.uk/data/documents/nodb/301801/
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mately 6km apart and cover the region of the steepest slope. Here, the profiles
of temperature, density, and velocity were measured prior, during, and after
ISW propagation. The location of the moorings is denoted as the black-cross
marker in Figure 3.1(a) and as the black-dashed lines in Figure 3.1(b) and 3.1(b).
Since the NLIWs shoaled over a 2o West-oriented direction, from a modeling
perspective such a long distance can be challenging given the broad range of
scales that must be resolved to accurately capture the wave propagating with
a subsurface recirculating core. Thus, in this study, a smaller region of interest
is extracted, where the shoaling process can be thoroughly analyzed, thereby
mitigating the computational overhead. Given that the location where the field
observations were made is approximately 1.3o W from the start of the covered
track, the shorter region of interest is focused between Lat. 21o N, Lon. 117.5o E
to Lat. 21o N, Lon. 117.0o E. These new coordinates are shown as the magenta
curve in Figure 3.1(a) and 3.1(b). Lastly, the bottom slope corresponding to the
gently varying bathymery, for the shorter region of interest, is shown in Figure
3.1(c) as the magenta line. The maximum slope value is 2.8%, or 1.6039o, and is
very close the location of the subsurface mooring. The actual slope values at the
subsurface and surface moorings are 1.3710o and 0.3649o, respectively.
The governing equations discretized to simulate the shoaling process are
formulated in a Cartesian coordinate system. To incorporate the observed
bathymetry into the model, the SCS coordinates need to be converted from
Lat./Lon. to Universal Transverse Mercator (UTM). Since there is negligible
latitudinal change for a given longitudinal displacement, as one moves along
the observational path, the small deviations in the northing direction can be ne-
glected. Thus, in a Cartesian framework, x is taken to represent the easting and
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z is the depthwise direction. The beginning of the SCS bathymetric transect can
be used as a reference point to create a transect, initiating at Zone 50 N 0551964
mE 232222 mN. Finally, when changed to UTM, the NLIWs were tracked by
RCL14 along a distance of approximately 260 km; the SCS bathymetric transect
used in this study is approximately 80 km-long, with the water depth varying
from 921m at the deepest to roughly 360m at the shallowest location.
3.2.2 Properties of the Water Column Prior to the arrival of the
NLIW
The subsurface mooring, located at a water depth of approximately 525m, had
one ADCP, 10 temperature sensors and three CTD sensors. The surface moor-
ing was deployed at a water depth of approximately 450m and contained two
Acoustic Current Doppler Profilers (ADCP), 14 CTD sensors, and three temper-
ature loggers. The spacing between CTD’s varied between 10 and 30m, depend-
ing on the location in the water column. For a more detailed description of the
equipment, the reader is referred to Section 2 of RCL14. The moorings measured
for four different days ranging from May 31, 2011 to June 3, 2011. In the present
work, emphasis is placed on the data corresponding to June 2, because on this
day the authors observed the first subsurface recirculating core.
Figure 3.2 shows the recorded time-averaged background profiles, prior to
wave arrival, at the subsurface mooring. These fields are used as the back-
ground conditions to simulate wave propagation. Figure 3.2(a), Figure 3.2(b),
Figure 3.2(c), and Figure 3.2(d) correspond to the background velocity, shear,
density, and Brunt-Va¨isa¨la¨ (BV) Frequency, respectively. A negative background
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Figure 3.2: Time-averaged vertical profiles of the background current (a), shear
(b), potential density (c), and Brunt-Va¨isa¨la¨ Frequency (d). The measured profile
values were obtained from the surface and subfurface moorings deployed at
Lat. 21.07o N, Lon. 117.22o E and Lat. 21.07o N, Lon. 117.27o E, respectively,
by RCL14. For (a) and (b), the lower 200m values have been filtered to zero, as
shown by the blues lines, to avoid any unwanted hydraulic interaction of the
backgorund current with the gently varying bathymetry.
velocity denotes eastward flow (i.e. away from the shore). ISWs propagated in
the positive westward direction (i.e. towards shore). Note that this conven-
tion is opposite to that typically adopted in the field, and is only applied in the
present study. The BV Frequency is defined as N2 = −gρ−1o dρ/dz, where g is the
gravitational acceleration and ρo is the reference density. The location of the
pycnocline, defined as the depth at which the maximum BV Frequency occurs,
was observed to be at a depth of zo = −22m. At this depth, the density value
was 1022.57 kgm−3; the reference density is then set to ρo = 1022.57 kgm−3 for
the present study.
In addition, Figure 3.2(a) and Figure 3.2(b) also show the original (black) and
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modified (blue) background current profile, U, and vertical shear, Uz. To avoid
hydraulic effects, that may be associated with interactions of the background
current with the gently changing bathymetry, values below 300m are smoothed
to zero when used in the simulation. Furthermore, note that in Figure 3.2 (b),
the near-surface region has negative vorticity; subsurface recirculating cores can
be expected on this day, regardless of the near-surface baroclinic vorticity.
Finally, because the water column properties were reported at a single loca-
tion, any spatial variability in the along-shore direction is ignored. Thus, the
background fields used in the model do not vary in the propagating direction,
and are taken to be representative of the background conditions. This approach
assumes that the time scale of the temporal changes in the background field is
larger than that the characteristic propagation time of ISWs, which may be rea-
sonable given that the time scale of the semi-diurnal internal tide may be one
order of magnitude higher than that of the ISWs in the South China Sea [51].
3.2.3 Governing Equations
The governing equations for the present modeling study are the incompressible
Navier-Stokes Equations under the Boussinesq Approximation (INSB) in two-
dimensions [92]. Prior to initializing the flow solver, the velocity field in the
horizontal direction is decomposed into a perturbation, u′(x, z, t), and a steady
background field, U(z); w′(x, z, t) is used to describe the full vertical velocity. Per
the Boussinesq approximation, the density field is decomposed into a reference,
ρo, a background, ρ(z), and a perturbation field, ρ′(x, z, t).
In vector form, for a fixed reference frame without rotation, the mass conser-
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vation is
∇ · u = 0. (3.1)
The momentum equation in the along-wave, x direction, is
∂u′
∂t
+ u′
∂u′
∂x
+ w′
∂u′
∂z
+ U
∂u′
∂x
= − 1
ρo
∂p′
∂x
− w′∂U
∂z
+ ν∇2u′, (3.2)
and
∂w′
∂t
+ u′
∂w′
∂x
+ w′
∂w′
∂z
= − 1
ρo
∂p′
∂z
− U ∂w
′
∂x
+ ν∇2w′ − ρ
′g
ρo
, (3.3)
in the vertical z direction, where p′(x, z, t) is the perturbation pressure with re-
spect to the reference background state, t is time, ν is the kinematic viscosity, and
g is the gravitational acceleration (depthwise) direction. Rotation is neglected.
Note that, during shoaling, the effects of changing water depth dominate over
rotational forces [99]. Over constant water depth, rotation results in radiation
of long inertia-gravity waves, which gradually decrease the ISW in amplitude
[68, 99].
The density equation is
∂ρ′
∂t
+ ∇ · [u (ρ′ + ρ(z))] = κ∇2ρ′, (3.4)
where u = (u′+U,w′) and κ is the mass diffusivity. In Equation (3.2) and (3.4), the
diffusion of the background profile is neglected. Lastly, following the Boussi-
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nesq Approximation, the reference pressure, p(x, z), is in hydrostatic balance
with the background field in the absence of any wave propagation:
∂p
∂z
= − (ρo + ρ) g. (3.5)
3.2.4 Numerical Method
Generating the Initial Conditions from Fully Nonlinear Internal Wave The-
ory
The isopycnal displacement, η, driven by the fully nonlinear Internal Solitary
Wave (ISW) and used to initialize the numerical model, is obtained by solving
the Dubreil-Jacotin-Long (DJL) Equation. It is a nonlinear eigenvalue problem
derived from the steady incompressible Euler Equations under the Boussinesq
Approximation, in a reference frame, ξ-ζ, moving with the wave [106, 179]. To
solve the DJL Equation, the pseudospectral numerical method developed by
[52] is employed. Obtaining a solution requires prescribing the background
density and current field, along with a target value for the Available Potential
Energy (APE). The APE is defined as the minimum energy required to adia-
batically bring a parcel of fluid from its displaced location back to its reference
location.
Once the solution of the DJL Equation is obtained, the density field is com-
puted by considering the difference between the reference and perturbed state
(i.e. ρ(x, ζ-η)). The wave velocity fields are computed via spectral differentiation
of the isopycnal displacement field. Therefore, the DJL Equation provides the
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density, horizontal, and vertical velocity which are the initial conditions of the
unsteady SCS shoaling simulation. More information on the DJL Equation and
how to obtain the ISW velocity and density field from its solution may be found
in the Appendix.
Simulating the shoaling of the ISW
Equations (3.1) through Equation (3.4) are solved numerically using a
deformed-subdomain variant, in two-dimensions, of the spectral multidomain
penalty method (SMPM) [80]; it is collocation-based in the x and z direction.
A local Legendre-polynomial expansion is used to approximate the solution
at each node of a Gauss-Lobatto-Legendre grid in each element [91]. Time-
integration is achieved via a Stiffly-Stable Third order scheme [84].
The boundary conditions, used to solve Equation (3.2), (3.3), and (3.4) of
the SCS shoaling problem, are specified as free-slip/no-flux at all four imper-
meable physical boundaries. In addition, at the left and right boundaries, an
artificial Rayleigh-type damper, one ISW half-width thick, is applied to elim-
inate any possible reflection from the incoming ISW [1]. For Equation (3.4),
no-flux boundary conditions are implemented in all four physical boundaries,
along with the Rayleigh-type damper at the left and right boundary. Lastly, an
exponential spectral filtering technique is applied to dissipate any numerical
instabilities.
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3.2.5 Simulation Description
Obtaining the Fully Nonlinear ISW Field
The background fields presented in Section 3.2.2 are used to solve the DJL Equa-
tion (i.e. Equation (A.1) to Equation (A.6)) at the initial water depth of Hi =
921m; this is the value at the deepest point of the compacted SCS bathymet-
ric transect used in this study (see Figure 3.1(c)). Since the background density
was measured up to a depth of 450m, any value below this depth is assumed to
be constant. Only the near surface value of the background density is directly
linked to the formation of recirculating cores [94]. As such, the effects of the
near-bottom stratification in the water column are not examined in the present
study.
The DJL solver’s computational domain is 20Hi-long. Such an aspect ratio is
required to avoid any interaction between the solution and its periodic image.
The DJL-generated initial condition inserted into the SCS shoaling simulation
has an APE value of 205MJ, because the corresponding ISW amplitude is close
to that observed by RCL2014 at a water depth of 525m. Note that this solution
may not be representative of the observed wave at a deeper location along the
SCS transect. Unfortunately, the lack of upstream field measurements on the
wave amplitude and energy impact the accurate representation of the initial
wave. Thus, an initial condition resembling the observed wave at a location
in shallower waters allows for the exploration parameter space of the shoaling
problem, which is the focus of this paper.
The density, horizontal, and vertical velocity is projected onto the GLL grid
via cubic spline interpolation. Since the solution of the DJL Equation yields a
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rightward propagating wave, in the positive ξ-direction, the SMPM coordinate
system is set so that the positive x-direction points to the shore (i.e. westward
in Figure 3.1); the positive z-direction is directed upward, with the reference da-
tum placed at the free-surface. Note that while the DJL ξ-ζ domain moves with
ISW, the SMPM x-z domain is fixed in space, so no Galilean transformation is
required to capture the wave propagation. The DJL ISW has an initial ampli-
tude of Ai = 143m, a half-width of Lw,i = 1,014m, and a propagation speed of ci =
1.9258ms−1.
Construction of the Computational Domain
Figure 3.3 shows the computational domain used in the shoaling simulation.
The contour variable is the time-averaged background density observed by
RCL2014 on June 2, prior to the wave arrival at the subsurface mooring (i.e.
Lat. 21.07o N, Lon. 117.22o E or 50 N 54200mN 2329860mE). The computational
domain begins at -20km and not 0km, which is the start of the SCS transect.
The region ranging from -20km to 0km, and demarcated by the solid red box,
is an artificial plateau (i.e. constant water depth) with a length equal to that
of the DJL domain; the SCS transect initiates at a range of 0km. The plateau
is included to allow the ISW to propagate without shoaling for approximately
10Lw,i. This approach eliminates any non-physical changes to the waveform that
would otherwise occur by placing the propagating ISW over actual bathymetry,
from the first timestep. Aside from the artificial plateau, four distinct locations
are also noted in Figure 3.3: the initial position of the trough (Location I, white-
dashed line), the surface and subsurface moorings (black-dashed lines), and the
shallowest portion of the transect (Location II, yellow-dashed line). These four
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Figure 3.3: SCS bathymetric transect with the time-averaged background den-
sity, ρ(z), from June 2 (Figure 3.2 (c)), as the contour variable, obtained from
RCL2014. The transect ranges from Lat. 21o N, Lon. 117.5o E to Lat. 21o N, Lon.
117.0o E. Location I (white-dashed line) corresponds to trough of the ISW (solid-
red line) at the initial position. The artificial plateau, denoted by the red box,
corresponds to the location from where the initial ISW is launched; it is 20km in
length with a water depth of 921m. Field observations occurred at Lat. 21.07o N,
Lon. 117.22o E (surface mooring) and Lat. 21.07o N, Lon. 117.27o E (subsurface
mooring) and these locations are denoted as the black-dashed lines along the
transect. Location II corresponds to the shallowest region in the transect, where
the water depth is approximately 360m.
locations will be used as reference in the subsequent analysis.
To numerically solve Equation (3.1) through Equation (3.4) with the SMPM,
the computational domain is partitioned into mx subdomains in the streamwise
(x) and mz subdomains in the vertical (z) direction, with n points per subdo-
main in each direction. The polynomial degree used to approximate the solu-
tion within each element is p = n − 1. Together, the total number of degrees of
freedom is defined as: n2mxmz.
The corresponding resolution used in the shoaling simulation analyzed here
is determined via a refinement study for the number of subdomains in the hor-
izontal, where a test ISW is allowed to propagate until the subsurface mooring
location and then visually examined for changes in the structure of the solu-
tion, as a function of the grid spacing. The test simulation is performed with a
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fixed n value of 15 and initial mx = 400 subdomains in the horizontal and mz =
25 subdomains in vertical direction. The number of points per subdomain is the
suggested minimum required to resolve any possible length scale, with a spec-
tral method [22]. Subsequent test simulations are performed up to mx = 1600.
Figure 3.4 shows visualization of the wave for five different cases: mx = 400,
600, 800, 1200, and 1600. The simulations are stopped at the region of interest,
between the subsurface and surface mooring where the water depth is 450m.
The number of vertical subdomains is fixed with mz = 25. No significant differ-
ent exists in the structure of the solution after mx = 800; this is the value chosen
as the number of subdomains across the horizontal domain, in the streamwise
direction, for the SCS shoaling simulation. In addition, a subdomain conver-
gence study in the vertical direction was also performed (not shown) with mz =
20, mz = 25, and mz = 30; no visual difference in the structure of the solution was
recorded.
Worthy of note is the choice of mz, which has a significant impact in the com-
putational overhead associated with solving the governing equations, using the
SMPM flow solver. The numerical method utilizes a Schur factorization of the
Poisson operator, to solve the Pressure Poisson Equation[81, 80], that scales as
n2mz. Thus, the larger the number of points per subdomains, or polynomial de-
gree, and the larger the number of subdomains in the vertical, more expensive
will be to solve the Pressure Poisson Problem.
The length scale of the vertical overturn observed by RCL2014, at the region
of interest, was considered to select a value for mz. Field observations indicated
that the length was no larger than 52m. Thus, the vertical number of subdo-
mains is set to mz = 25, so that for a water depth of 450m, a single subdomain
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Figure 3.4: Isopycnals of the simulated shoaling ISW, at a water depth of 450m,
using the SMPM flow solver. Each panel corresponds to a different number of
subdomains in the along-wave, x direction (i.e. mx); five different values were
chosen: mx = 400, mx = 600, mx = 800, mx = 1200, and mx = 1600. The number of
subdomains in the vertical is mz = 25 and the number of points per subdomain
is n = 15. The vertical direction has been nondimensionalized by the intial water
depth, Hi = 921m and the x direction by the initial ISW half-width, Lw,i = 1,014m,
obtained from the DJL solution.
captures a length scale of approximately 20m, in the water column; twice this
length scale is less than the observed vertical overturn.
Table 3.1 shows the properties of the computational grid employed in this
study. No mesh refinement technique is applied throughout the simulations.
The timestep size, ∆t, is chosen so as to respect the CFL limit for the initial ve-
locity scale and the grid properties; the limit is set to 0.50 for both the x and
z direction. During the shoaling simulation, an adaptive timestepping method
ensures that ∆t is adjusted, if necessary, across all timesteps; timestep adjuste-
ment would result from a change in the wave velocity scales or due to the small-
scale features of the subsurface recirculating core. Nevertheless, it is not known
a priori if a timestep adjustment is necessary. The computational domain has
a total of 4.5 ×106 degrees of freedom (DOF). For reference, Figure 3.5 shows
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Table 3.1: Computational Parameters for the 2D simulations presented in this
study. The regions included are: Location I, the subsurface and surface mooring
location, and Location II. Note that the Gauss-Lobatto-Legendre (GLL) grid is
non-uniform locally in each element.
Parameter Value Parameter Value
∆xmin 2.241m ∆xmax 13.89m
∆zmin,I 0.640m ∆zmax,I 3.967m
∆zmin,sub 0.314m ∆zmax,sub 2.254m
∆zmin,sur 0.296m ∆zmax,sur 1.838m
∆zmin,II 0.254m ∆zmax,II 1.578m
mx 800 mz 25
n 15 ∆t 0.2s
the isopycnals at Location I, along with the SMPM grid superimposed in gray.
There are approximately 60 points per ISW wavelength and 60 points per max-
imum isopycnal displacement. Across the transect, the vertical grid spacing
decreases with decreasing water depth, as noted in Table 3.1.
To reduce the computations per time per timestep, the computational do-
main is partitioned into overlapping windows of approximately mx = 128 by mz
= 25, which track the ISW as it shoals. Each window is approximately 16Lw,i-
long; the overlap region ranges from 6Lw,i to 7Lw,i, depending on the waveform
since the ISW is adjusting to the gently varying bathymetry. Once the wave
reaches the end of a window, a new window is generated that contains part of
the original window along with the next portion of the domain. The density and
velocity fields are then copied inside the overlapping region, from the original
to the new window. The total number of windows required for a SCS shoaling
simulation is nine. This windowing technique decreases the DOFs to be solved
by a factor of 6, thereby accelerating simulation of the shoaling ISW along the
transect.
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Figure 3.5: Internal Solitary Wave (ISW) at Location I with the superimposed
GLL Grid (gray). The range has been shifted with the trough location, xc. Eleven
isopycnals are shown, along with the pycnocline (thicker solid-black line). The
ISW field was obtained from the solution of the DJL Equation Solver [52].
Choice of Reynolds and Schmidt Number
The choice of Reynolds Number, ReHi = ciHi/ν, and Schmidt Number, S c = ν/κ,
considers that, the two-dimensional parameter space exploration has to be eco-
nomical in terms of memory and run-time cost. Given that ISW shoaling process
encompasses a broad range of scales up to O(km), it is computationally expen-
sive to simulate the shoaling problem with a field value ReHi and S c because of
the resolution required to describe the gently varying bathymetry over a long
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propagation distance, the time-averaged profile of the background density and
velocity field, the ISW length scales as the wave shoals, and finer-scales limited
to the formation of the subsurface recirculating core and any finer-scale struc-
ture within. As such, the parameters were set to ReHi = 2 × 106 and S c = 1. Both
are two orders of magnitude below that of the open ocean.
The impact that the chosen ReHi might have on the potential viscously-driven
deceleration of the ISW over long distances, has been explored by simulating
an ISW propagating over a flat domain, for a distance of approximately 15Lw,i.
Subsequently, the wave propagation speed was computed for both inviscid and
viscous case, and compared with the theoretical DJL wave propagation speed.
The relative difference was found to be locked at O(10−3), for both ReHi , along
the specified distance.
A three-dimensional study is required for examining the turbulent flow en-
gulfed within the recirculating subsurface cores, but not necessarily the propa-
gation of the ISW. Since the field observations of [103] indicated that, near the
Dongsha slope, the waves propagates virtually along the same latitudinal co-
ordinate, a two-dimensional approach to explore the shoaling process and the
formation of the subsurface cores is justified; it can also provide an insight of
the possible core dynamics. Nevertheless, ISW breaking is inherently a three-
dimensional process, but the present objective is to explore the conditions that
may lead to such breaking. Thus, simulating the shoaling problem with the
given ReHi and a S c of order unity may be reasonable for exploring the parame-
ter space in this two-dimensional study.
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3.3 Results
3.3.1 Wave Properties
The ISW may be tracked by locating the wave trough. At this location, there is
a convergent zone [33] where du′/dx = 0, above and below the maximum isopy-
cnal displacement. However, during subsurface core formation, the convective
instability induces two-dimensional motion, leading to changes in the horizon-
tal velocity. Below the trough no vertical motion motion exists; the convergence
zone here can still be used to locate the ISW along the SCS bathymetric transect.
Figure 3.6(a) shows the position of the ISW trough as the solid-black line
with markers; it is recorded at every 80 seconds of simulation time. Given that
the ISW propagation speed varies along the SCS bathymetric transect, at the ini-
tial position, this sampling time corresponds to changes in the trough position
of approximately 135m. As the water depth decreases and the ISW decelerates,
the variations in position also decreased to approximately 100m.
Errorbounds were obtained by locating the convergence zone at different
water depths, below the trough. The relative error is found to be ≤ 1%, suggest-
ing that the approach to track the wave is reliable. Errorbars, characterizing the
uncertainty in the displacement of the wave, are also included in Figure 3.6(a),
but given the small difference these are minute and barely noticeable.
Two other regions within the ISW are identified and tracked: the front and
lee of the wave. These may be defined by extracting the density profile for a
given water depth, in the along-wave direction, and locating the middle density
value from the departure of the reference background density. The front and lee
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Figure 3.6: Position of the ISW along the SCS Transect. In (a), three distinct re-
gions are tracked: trough (black-solid line), lee (cyan), and front (red); errorbars
have been included for the trough position. These are minute, suggesting that
the tracking method is reasonable. The exact location of the lee and front are
shown in (b), along with the isopycnals of the ISW at Location I. The along-
wave spacing between the front and lee relative to the trough is shown in (c).
The full SCS transect is included in (d) with the location of the surface and sub-
surface moorings.
of the wave are shown in Figure 3.6(a) and 3.6(b) as red (lee) and cyan (front),
along with the trough (black). Figure 3.6(c) shows the difference in the location
of the lee and front, relative to the position of the ISW trough. Tracking these
two points may be a proxy for visualizing changes in the wave symmetry during
shoaling. The simulation indicates that the ISW is sensitive to the varying water
depth, particularly at the subsurface mooring where the lee and front are further
displaced from the trough, while propagating over the maximum slope of the
transect. Nevertheless, the wave preserves its symmetric shape, agreeing with
the adiabatic shoaling observed (see Section 3.1) in the field.
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Computing the ISW Propagation Speed
The position of the ISW trough may be used to determine the propagation speed
by performing a linear least-squares fit, using a linear model, of the data in
Figure 3.6(a) and computing the slope of the linear fit. Such method is com-
monly applied to the estimate propagation speed in uniform depths. For shoal-
ing ISWs, changes in bathymetry may significantly impact the speed calculation
although the method may still applicable [123]. The fit range has to cover a suf-
ficient distance, while considering the wave acceleration/deceleration due to
the changing water depth.
The recorded water depth by RCL2014, and utilized as the SCS bathymetric
transect in the present study (i.e. Figure 3.1), corresponds to a spatial resolution
of 1-2 km, depending on the location along the transect. Thus a linear fit of the
data in Figure 3.6, encompassing a range that is less than Lw,i, should provide
a reasonable measure of the wave propagation speed. As mentioned in Section
3.3.1, the preset study captures the wave properties at every 80 seconds, or be-
tween 135m and 100m. This value is almost one order of magnitude below the
distance between successive water depths measurements by RCL2014. As such,
the linear least-squares fit provides a reasonably measure of the propagation
speed, that is crucial to determining the formation of a subsurface recirculating
core.
Computing the ISW Amplitude and Half-width
The ISW amplitude, A, is taken to be the maximum isopycnal displacement,
obtained from η(x, z, t). The half-width, Lw, is computed by first, integrating η in
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the along-wave direction, then dividing by the amplitude [90]. For a given time,
Lw is,
Lw =
1
A
∫ +∞
−∞
η(x, z)dx′. (3.6)
The ISW is expected to become convectively unstable along the SCS bathy-
metric transect, with a heavy-over-light fluid configuration (see Section 3.1). As
such, the density field needs to be sorted adiabatically, to minimize the potential
energy, prior to computing the wave length scales. The adiabatic redistribution
of the density is accomplished via a probability density function of the density
perturbation profile [189, 178], using a parallel sorting algorithm [154]. Assum-
ing that the background density is invertible with inverse zr(ρ), that satisfies
the relation η(x, z, t) = zr(ρ(x, z, t)), the isopycnal displacement can then be ob-
tained by computing the difference between the fluid parcel height based on
the reference background density profile and the adiabatically rearranged den-
sity profile in the presence of the wave-driven disturbance, zr(ρ).
Figure 3.7(a) shows the computed propagation speed, c, along with the max-
imum ISW-induced horizontal velocity, Umax. The amplitude, A, and half-width,
Lw, of the ISW are shown in Figure 3.7(b) and 3.7(c). Figure 3.7(d) shows the wa-
ter column depth to provide perspective of the SCS transect. In Figure 3.7(a) to
3.7(d), the black-dashed lines denote the location of the subsurface and surface
mooring.
As the ISW shoals, the propagation speed and horizontal velocity decrease
while the amplitude increases; an increase in amplitude leads to a decrease in
half-width. The maximum amplitude is found to be approximately 153m, oc-
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Figure 3.7: Computed properties of the shoaling ISW along the SCS transect.
These are: (a) wave propagation speed and maximum horizontal velocity, (b)
amplitude, and (c) half-width. The SCS transect is presented in (d) for reference.
The black-dashed line corresponds to the location of the surface and subsurface
moorings deployed by RCL2014.
curring at a range of 55.68km. Here, the half-width is Lw = 775. The changes
across the length scales of the wave suggest that energy is conserved, in this
two-dimensional study, as the wave grows in amplitude while decelerating.
3.3.2 Examining the presence of a convective instability
When the ISW reaches the location of the subsurface and surface moorings, the
propagation speed has already decreased below Umax; the wave has entered the
convectively unstable regime. Figure 3.8(a) to 3.8(c) show colored contours of
the isopycnals of the shoaling ISW, at the subsurface and surface mooring along
with Location II, where the SCS transect is the shallowest. In Figure 3.8(a), the
isopycnals indicate the presence of a convectively unstable fluid and subsequent
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Figure 3.8: Isopycnal contour at select locations, during propagation of the ISW
along the SCS transect. Three different snapshots, corresponding to different
times after the start of the simulation at Location I. The exploded views in (a)
and (b) correspond to the wave at the subsurface and surface mooring location,
respectively. In (c), the ISW has reached the shallowest portion of the transect,
Location II. In (d), the SCS transect is shown along with the placement of each
snapshot.
overturning in the water column; heavy-over-light fluid configuration has been
established. Once the ISW reaches the shallowest part of the transect, the ISW
is propagating with an enclosed-isopycnal region. Heavy fluid appears to be
trapped inside the wave, suggesting the presence of a recirculating core.
Figure 3.7 and Figure 3.8 indicate that the condition Umax > c precedes the
formation of the convective instability and, possibly, the recirculating core. That
is, once the wave propagation speed decreases below the maximum horizon-
tal wave-induced velocity following a short transitional window, a convective
overturn ensues and the formation of a region with enclosed isopycnal subse-
quently occurs. These findings are consistent with simulations [94], and field
observations [102, 103], where Umax > c always preceded the generation of a
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Table 3.2: Properties of the Internal Solitary Wave simulated in this study at the
location of the surface and subsurface moorings. ISWs values are from Table 1
of RCL2014 [103] via a combination of the ship survey and the moorings; these
are included here. Their wave propagation speed was obtained near the surface
mooring. The properties included are: Amplitude, A (m), half-width, Lw (m),
propagation speed, c (ms−1), and maximum ISW-induced horizontal velocity,
Umax (ms−1)
Study A Lw c Umax
RCL2014 137 921 1.71 2.23
Simulation at Subsurface Mooring 151 783 1.67 1.70
Simulation at Surface Mooring 152 781 1.50 1.70
recirculating core. Note that, visualizing the density field may not be a clear
indicator of recirculating fluid. A more robust approach would be to examine
the streamline pattern in a reference frame moving with the ISW, which is ad-
dressed in Section 3.3.3.
Comparing simulated ISW with observations
Table 3.2 shows the observed and INSB-simulated ISW properties. RCL2014
obtained the wave properties via a combination of the subsurface and surface
mooring data with shipboard radar measurements. Some of the properties re-
ported include: amplitude (A), half-width (Lw), propagation speed (c), and max-
imum horizontal wave-induced velocity (Umax).
When compared with the field wave, the simulated ISW varies significantly
from that observed. At the subsurface and surface mooring, the wave ampli-
tude is found to be 151m and 152m, respectively, along with a ISW half-width
of 783m and 781m. The observed amplitude and half-width were 137m and
921m, respectively. The simulated propagation speed is 1.67ms−1 at the subsur-
face mooring and 1.50ms−1 at the surface mooring, which is 5 to 8% less than the
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observational counterpart. Simulations indicate that Umax is between 1% to 13%
greater than c, as opposed to the 30% observed.
Differences between the observed and simulated wave are expected since
the DJL solution, used to simulate the shoaling process, was chosen without
any observational input on the upstream conditions. The observed wave by
RCL2014 presumably had much different length and velocity scales at the initial
water depth of the present study. At the depth of the moorings, the range of
possible stable solutions of the DJL Theory, with the fields shown in Figure 3.2
used as initial background conditions, do not yield an solution for an ISW with
the observed properties.
In addition, the assumption of a steady and homogeneous background cur-
rent may not be realistic near the Donsha Slope. The ratio Umaxc−1 could change
considerably if a different background current profile is used upstream. The
background current could be steady for the time scales considered in the present
study, but have a strong dependence in the normal-to-isobath direction, which
can significantly impact the velocity field of the wave as it shoals.
When the simulated evolution of Umax and c is compared against the June
3 observed data shown in Figure 8(a) of RCL2014, the values in the present
study also exhibit a decreasing trend up to the surface mooring. This is the
location where the largest difference between Umax and c exists and this fea-
ture is captured in the simulation. After the surface mooring, the simulated
evolution of velocity and propagation speed differs from the field data; the sim-
ulations do not exhibit close values of Umax and c. Since the present study is
two-dimensional, where there is no physical mechanism by which energy can
be dissipated, it may be possible that once Umax increases past c, the recirculat-
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ing core forms and persists as the ISW continues shoaling over SCS bathymetric
transect. Thus, the present simulation captures the essential qualitative aspects
of the formation of the convective instability and recirculating subsurface core,
but does not match quantitatively the observed wave.
3.3.3 Defining the recirculating core boundary
Figure 3.9 shows the simulated ISW, with the subsurface recirculating core at
the subsurface (3.9(a)-3.9(c)) and surface (3.9(d)-3.9(f)) moorings, using three
different recirculating core boundary definitions. In Figure 3.9(a) and 3.9(d),
the visualized isopycnal range is saturated to resolve the trapped fluid. Figure
3.9(b) and 3.9(e) show the region where Umax > c and Figure 3.9(c) and 3.9(f)
show the streamlines for an observer in a reference frame fixed with the wave.
The streamlines are obtained from the streamfunction
ψ(x, z) =
∫ 0
−H
(u − c)dz, (3.7)
where u(x, z) = u′(x, z) + U(z); arrows are included to denote the flow movement
across the ISW. The wave propagates with speed c, in the rightward direction, as
denoted by the black arrow below the trough in 3.9(a) through 3.9(f). In Figure
3.9(a), 3.9(c), 3.9(d), and 3.9(f), localized contours are associated with trapped
fluid. Note that, in Figure 3.9(a) and 3.9(d) the amount of contour lines has been
deliberately increased to denote the trapped fluid.
Figure 3.9(f) appears to confirm the streamline structure of a subsurface re-
circulating core, as observed in the field [102]: two counterotating regions are
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Figure 3.9: Visualization of the trapped fluid at the location of the subsurface
((a)-(c)) and surface mooring ((d)-(f)). Three definitions have been used to iden-
tify the recirculating core: (a) & (d) isopycnals, (b) & (e) Umaxc−1 = 1, and (c)
& (f) the streamfunction ψ for an observer moving with the wave along with
arrows denoting the direction of the flow entering the ISW. In (a) through (f),
the rightward pointing arrow, below the trough, denotes the wave propagation
direction, with speed c. The thick solid-black line corresponds to the displaced
pycnocline.
noticeable, as opposed to one which is indicative of surface-type cores (see Fig-
ure 2 of Ref. [102]). In addition, if the value Umaxc−1 = 1 is used to represent the
boundaries of the subsurface recirculating core, then at the subsurface mooring
(Figure 3.9(b)) the length and height of the core are found to be lc = 180m and
hc = 28m, while at the surface mooring (Figure 3.9(e)) the length and height of
the core are found to be lc = 370m and hc = 45m, respectively. Using the same
value, RCL2014 observed lc = 306m and hc = 52m. The simulated core height
at the surface mooring is relatively close to the observed values, but the core
length is 20% larger, suggesting that more, heavier fluid is trapped than what
was actually observed.
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Recirculating cores leak the trapped fluid into the ambient during ISW prop-
agation. Therefore, not all the fluid contained within the region Umaxc−1 > 1
may be effectively trapped. A more robust definition of the core boundary may
involve the use of Lagrangian coherent structures (LCS) [107]. With LCS, the
boundary is demarcated by obtaining the intersection between forward and
backward ridges of the Finite-Time Lyapunov Exponent (FTLE) field. This
method has been used to identify the vortex regions in three-dimensional in-
compressible flows [65] and also within the framework of high-order spectral
methods for gyre flow, vortex advection by uniform flow, and viscous flow
around square cylinders [131]. Thus, future subsurface recirculating cores sim-
ulations could incorporate an LCS scheme to formalize the boundary definition.
3.3.4 Evaluating the effect of the slope near the moorings
The maximum slope value of the SCS transect, shown in Figure 3.1(c), is com-
puted to be approximately 2.8% and occurs near the location where the mooring
were deployed in the field. Field data indicates that only at this region in the
SCS are recirculating subsurface cores possible [102, 103]. As such, the maxi-
mum slope value may play a pivotal role in core formation. To address the slope
effect, a separate simulation is performed with a bathymetric transect where the
maximum slope value is attenuated via a combination of filtering and cubic
interpolation of the bathymetry data, to maintain continuity of the depth and
slope. The result is a modified SCS transect with a maximum slope of approx-
imately 1.5%, as shown in Figure 3.10(a). The original (black) and modified
(blue) slope are shown in Figure 3.10(b).
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Figure 3.10: ISW properties of a shoaling wave using the original (black) and
modified (blue) SCS transect. In (a) and (b), the original and modied slope
and bathymetric transect, respectively, are shown. In (c), the value of Umaxc−1
is shown along the transec. The solid-red line corresponds to the convective in-
stability threshold of Umaxc−1 = 1. In (d) and (e), the amplitude and half-width
are shown. The location of the subsurface and surface moorings is represented
by the black-dashed line in (a) through (e).
The maximum horizontal velocity and propagation speed are shown in Fig-
ure 3.10(c). The black and blue line correspond to the original and modified
transect, respectively. With the modified transect, and the previously chosen
DJL solution, the simulation produced no significant change in the formation
of a convective instability, since Umaxc−1 > 1 still occurred. Consequently, sub-
surface recirculating cores may be expected. However, the location along the
SCS bathymetric transect where Umaxc−1 was the largest changed from approxi-
mately 60km for the original to 65km for the modified. Both simulations suggest
that the ISW remains convectively unstable with Umaxc−1 > 1 throughout the rest
of the transect. The maximum recorded bottom slope causes the formation of
the convective instability earlier, but the ISW becomes convectively unstable
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regardless. Figure 3.10(d) and 3.10(e) show the amplitude and half-width, re-
spectively, for both original and modified SCS transect. No changes in the ISW
length scales were noted.
Finally, Figure 3.11(b) and 3.11(d) show the streamline contour for the modi-
fied transect at the subsurface and surface mooring location, respectively; closed
streamlines are not present for the modified case, although 3.11(d) suggest that
the subsurface recirculating core is in the process of forming. In addition, the
size of the convectively unstable region may be obtained by considering where
Umaxc−1 = 1; it is shown as the solid-magenta line in 3.11(b) and 3.11(d). At
the location of the subsurface mooring, its length scales are lc = 120m and hc =
19m, while at the surface mooring lc = 330m and hc = 40m. These values are ap-
proximately 10 - 50% smaller than those from the original transect, suggesting
that the amount of heavy fluid plunging forward, into the ISW, is influenced
by the presence of the maximum slope and possibly it is unique to the region.
Thus, convectively unstable ISWs with recirculating subsurface cores may be
occurring elsewhere, but not as noticeable as those near the Dongsha Slope.
3.4 Discussion
3.4.1 Variations with Initial ISW Amplitude
Since the examined ISW in Section 3.3.3 had an initial amplitude and propa-
gation speed that may not have corresponded to the observed wave at deeper
waters, shoaling simulations are conducted with initial waves obtained from the
solution of the DJL Equation with larger isopycnal displacements, at the depth
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Figure 3.11: Streamlines of the ISW for the original and modified SCS transects,
at the location of the subsurface and surface moorings. The ISW propagates
from left-to-right with speed c. The streamlines are computed in a reference
frame moving with the wave. Arrows are included to denote the direction of the
movement of water across the wave. In (a) and (b), the streamlines are shown
for the location of the subsurface mooring, while in (c) and (d) for the surface
mooring. The region where Umaxc−1 > 1 is included in (a) through (d) as the
solid-magenta line.
Hi. Larger initial amplitudes are favored over smaller because field observations
[102] indicated that for an ISW shoaling over the Dongsha Slope, the wave had
a larger amplitude at deeper waters.
An objective of the present study is to examine how the properties of the
shoaling ISW, and subsurface recirculating core, vary with initial ISW ampli-
tude. The DJL Solution, corresponding to a initial wave with an amplitude of
167m, was found to be convectively unstable and therefore is set as the upper
bound of selected initial amplitudes. The lower bound is the previously studied
wave with Ai = 143m.
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Figure 3.12 shows the ISW properties, as a function of the initial wave ampli-
tude, for the new simulations. The observed ISW properties are also included
as the black-circle marker; the values are obtained from Table 1 of RCL2014.
Rather than include the separate evolution of Umax and c, the ratio of Umaxc−1
is computed and presented instead. Regardless of initial amplitude, a convec-
tive instability occurs because Umaxc−1 > 1 for all cases; subsurface recirculating
cores exist. In addition, the location where Umaxc−1 = 1, and consequently con-
vective breaking occurs, varies along the transect for each case. That is, each
colored line crosses the Umaxc−1 > 1 threshold at different locations along the
SCS bathymetric transect; larger ISWs appear to become convectively unstable
earlier. Figure 3.12 also shows the ISW amplitude and half-width of the simula-
tions along with the bathymetry. In a two-dimensional framework, the shoaling
ISWs are expected to increase in amplitude and decrease in half-width, as they
propagate into shallower waters, by virtue of conservation of energy [162]; Fig-
ures 3.12(b) and 3.12(c) confirm this argument.
No internal solitary waves are found to reach the observed value Umaxc−1 =
1.30, although all waves exhibit the maximum ratio close to the surface mooring
as the field observations indicate. In addition, the simulations also do not match
the observed amplitude and half-width. Given the simulated profiles of Umaxc−1,
a value of 1.30 would be possible for an even larger initial wave. Stable solutions
of the DJL Equation, with a larger isopycnal displacement can be obtained, but
only in deeper waters. Thus, the transect, including the artificial plateau, would
have to be elongated to account for the larger wave. With the larger domain,
rotational effects must be included and the shoaling process would result in an
ISW that may or may not match the observed wave properties of RCL2014.
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Figure 3.12: ISW properties for various initial amplitudes as a function of lo-
cation along the SCS transect. Four different amplitude values are shown:
Ai = 147m (cyan), Ai = 153m (blue), Ai = 159m (magenta), and Ai = 165m (green).
In (a), the ratio Umaxc−1 is shown, including the Umaxc−1 = 1 threshold (solid-red
line). In (b) and (c), the amplitude and half-width, respectively, is shown along
with the observed values (black circle). The SCS transect is included in (d) along
with the location of the subsurface and surface moorings (black-dashed lines).
The observed values were obtained from Table 1 of RCL2014.
If a larger wave is chosen as the initial condition, then, given the framework
of the present two-dimensional study, the ISW will have a bigger amplitude
near the mooring locations. This contradicts observations where a convectively
unstable wave, with a recirculating subsurface core, decreased in amplitude
while shoaling [102]; these have noted that the presence of the core contributes
to the energy dissipation of the wave as it shoals, thereby reducing the maxi-
mum isopycnal displacement.
Finally, the wave properties at the subsurface and surface mooring locations
are shown in Table 3.3; the data also includes the height and length of the con-
vectively unstable region where Umaxc−1 > 1; it is characterized by a height, hc,
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Table 3.3: Properties of the simulated ISWs at the subsurface and surface moor-
ing location, for a given initial amplitude Ai. The rest of the parameters are:
wave propagation speed, c (ms−1), maximum ISW-induced velocity, Umax (ms−1),
Amplitude, A (m), half-width, Lw (m), convectively unstable region length, lc
(m), and convectively unstable region height, hc. The convectively unstable re-
gion is defined as the part in the interior of the wave where Umaxc−1 > 1.
Ai (m) mooring c Umax A Lw hc lc
147 subsurface 1.68 1.73 154 787 25 170surface 1.51 1.73 154 789 41 330
153 subsurface 1.69 1.77 160 795 36 240surface 1.51 1.76 159 815 41 420
159 subsurface 1.70 1.78 167 801 37 300surface 1.51 1.77 164 838 45 480
165 subsurface 1.72 1.81 172 816 41 330surface 1.51 1.79 168 869 47 530
and a length lc. Simulation results indicate that a larger initial ISW, that results
in a greater isopycnal displacement near the moorings, will develop also a larger
unstable region. However, the field observations of RCL2014 indicate that the
observed unstable region had a height of approximately 52m; no ISW reaches
the observed value although all achieve the largest unstable region dimensions
at the surface mooring location. As such, the present two-dimensional simu-
lations do not match the observed wave properties but they do describe the
process by which the ISW becomes convectiely unstable and a subsequent sub-
surface recirculating core forms, with the recorded field data.
3.4.2 Variations in near-surface background shear
The sensitivity of the formation of the subsurface recirculating cores to the back-
ground current is explored in this study by modifying near-surface region (i.e.
H > −20m) of the latter. Figure 3.13(a) shows the original baroclinic back-
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ground current profile, U(z) (solid-blue line), along with two new profiles: Ur(z)
(dashed-blue line) and Ul(z) (dotted-blue line). The background shear, Uz(z), for
all profiles, is shown in Figure 3.13(b). The Ur(z) and Ul(z) profiles are obtained
from the U(z) profile, except for the top 20 meters of the water column where
the interpolation basis function is modified to result in a different value at the
surface; all background current profiles are identical below 20m. The resulting
profile for Ur(z) has a maximum shear of -0.257 s−1 and −3.377 s−1 for Ul(z); both
are located the surface. The values are significantly different than the original
U = −1.955 s−1, also at the surface, and are a result of the choice of basis func-
tion; these cannot be changed without impacting the continuity in the solution,
when differentiating the background current profile. Note that regardless of the
near-surface value, subsurface recirculating cores may be expected so long as
the background current vorticity is opposite to that of the wave [67].
The solution of the DJL Equation, used for the study of the near-surface vari-
ation in the background current profile, has a prescribed initial amplitude of Ai
= 143m. Figure 3.13(c) to 3.13(e) show the evolution of the wave properties of
the ISW, along the shoaling track, with the original and modified background
velocity profiles. In Figure 3.13(c), the profile of the ratio Umaxc−1 for both modi-
fied profiles follows that of the original; all three achieved Umaxc−1 > 1. In Figure
3.13(d) and 3.13(e) no significant difference in the ISW properties is observed
for the modified profile cases. As such, the magnitude of the near-surface back-
ground shear does not change the properties of the shoaling ISW.
Finally, Table 3.4 shows the properties of the ISW at the location of the sur-
face and subsurface mooring. There is no variation in velocity, wave propaga-
tion speed, amplitude, and half-width between profile (i.e. < 1%). However,
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Figure 3.13: ISW properties along the SCS transect for the case of modified and
original near-surface time-average profile of the background current. The time-
averaged profiles of background current, U, and shear, Uz, are included in (a)
and (b) respectively. The original profile is the solid-blue line, used in all pre-
vious simulations. The modified profiles are Ur (dashed-dotted line) for a mag-
nitude smaller than U and Ul (dotted line) for a magnitude smaller than U. In
(c), the ratio of Umaxc−1 is shown throughout the transect. The amplitude and
half-width is shown in (d) and (e). The SCS transect is shown in (f) (c). In (c)
through (f), the black-dashed lines corresponds to the location of the subsurface
and surface moorings deployed by RCL2014.
the length scales of the convectively unstable region slightly vary at the sur-
face mooring location, across cases. For instance, the height, hc, is larger for
the simulation with Ul(z) than that of U and Ur(z), with the difference between
approximately 6% and 30%, respectively. As such, the magnitude of the shear
at the free surface influences the size of the convective instability and, possibly,
the size of the subsurface recirculating core: the larger the magnitude the larger
the unstable region.
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Table 3.4: Properties of the simulated ISW, with the modified background cur-
rent profile presented in Figure 3.13, at the subsurface and surface mooring lo-
cation. The parameters include wave propagation speed , c (ms−1), maximum
ISW-induced velocity, Umax (ms−1), Amplitude, A (m), half-width, Lw (m), con-
vectively unstable region length, lc (m), and convectively unstable region height,
hc (m). The convectively unstable region is defined as the part in the interior of
the wave where Umaxc−1 > 1.
Profile Mooring c Umax A Lw lc hc
Ul
subsurface 1.66 1.70 152 779 150 20
surface 1.50 1.71 152 777 340 48
U
subsurface 1.67 1.70 151 783 180 28
surface 1.50 1.702 152 781 370 45
Ur
subsurface 1.66 1.70 151 784 120 20
surface 1.50 1.71 152 782 330 37
3.4.3 Examining the presence of a convective instability based
on the ISW amplitude
The convective breaking of an ISW may be established by comparing the inci-
dent wave amplitude, A, with the thickness of the bottom layer of the water col-
umn, for a given bed slope. The bottom layer thickness is obtained by subtract-
ing the pycnocline depth, zo, from the total water depth, H. Experimental and
theoretical data proposed three different regimes that describe the breaking pro-
cesses a shoaling ISW experiences: convective breaking if A/(H − zo) > 0.4, shear
breaking if 0.3 < A/(H − zo) < 0.4, and no breaking (stable) for A/(H − zo) < 0.3.
Previous work found in the literature considered experimental and theoretical
studies, using an idealized steep slope-shelf [71] and steep slope bathymetry
[69].
In the present study, the amplitude breaking criterion is applied to all simu-
lations, using the background conditions shown in Figure 3.2. Figure 3.14 shows
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the results for Ai = 143m (black), Ai = 147m (cyan), Ai = 153m (blue), Ai = 159m
(red), and Ai = 165m (green). The modified bottom slope results are also in-
cluded as the black-circle markers. Note that these have a different slope value
at the corresponding mooring locations. The threshold values noted in the lit-
erature [69, 183] are specified as the red and black solid lines, respectively. All
simulated ISWs with the original slope reach the convective breaking value of
0.4 at the surface mooring location, not at the subsurface mooring location. The
field observations of RCL2014 reported an approximate value of 0.4 near the
moorings, for their June 2 wave.
However, the modified slope results do not reach the convective instability
limit. At the subsurface mooring location, the wave is considered stable while
at the surface mooring location, it is within the shear instability region. Never-
theless, as shown in Figure 3.10 and 3.11, the wave does experience a convective
instability as Umax > c. Hence, convective breaking may also be associated with
the preexisting background current and density field [94, 168, 95, 165], and not
only with the wave length scales.
94
0 1 2 3 4 5
Bottom Slope Angle, S ( o)
0.2
0.3
0.4
0.5
0.6
0.7
A/
(H
-z
o
)
Original Slope
Modified Slope
Ai = 143 m Ai = 147 m Ai = 153 m Ai = 159 m Ai = 165 m
V&H02: 0.8/S + 0.4
Convective Instability
Shear Instability
Stable
Sub-surface mooring location
Surface mooring location
Figure 3.14: Breaking criteria based on the bottom bed slope, S , vs the ISW am-
plitude normalized by the thickness of the bottom layer of the water column.
The results of five different simulations with the observed SCS bottom slope
are included as colored-cross markers; these are: Ai = 143m (black), Ai = 147m
(cyan), Ai = 153m (blue), Ai = 159m (red), and Ai = 165m (green). The dashed-
black lines corresponds to the location of the subsurface and surface moorings
for the original slope. Results for the modified slope with Ai = 143m are in-
cluded as black-circle markers. The solid-red lines corresponds to the instability
threshold values, proposed in the litrature [71, 69]: convective breaking above
0.4, shear breaking between 0.4 and 0.3, and stable below 0.2. The numerical fit
(V&H02)[183] is denoted as the solid-black line.
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CHAPTER 4
AN ALTERNATIVE PERSPECTIVE ON THE INSTABILITY IN AN
INTERNAL SOLITARY WAVE OF DEPRESSION SHOALING OVER
GENTLE SLOPES
4.1 Introduction
Internal Solitary Waves (ISW) of depression in the ocean, characterized by their
large displacement of the pycnocline, have been observed to become unstable
as they propagate over gentle slopes [125, 102, 103]. As mentioned in Chapter
1.3 and 2.1, an unstable ISW dissipates its kinetic energy, through the wave-
shear, enhances turbulence-induced fluid mixing, and may transport suspended
material across significant distances; such features can have a profound impact
in the properties of the water column. The wave also interacts with the bottom
by inducing a boundary layer separation, that may be strong enough to produce
vortex shedding and impact the bed [20, 43, 169].
When Internal Solitary Waves shoal, any possible change in waveform can
induce an instability that may result in wave breaking. Shoaling occurs when
the wave adjusts to the changing water depth, as it reaches shallower waters.
The instability can either be shear-based or convective-based. A shear-based in-
stability occurs when the shear force is significant, relative to the buoyant force
associated within the stratified water column; buoyancy inhibits vertical mo-
tion, dampens turbulent motion, and suppresses turbulence production from
the velocity shear.
The dimensionless parameter that characterizes how significant is the shear
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force in a stratified flow is known as the Richardson number. A commonly used
definition of the Richardson number is the Gradient Richardson number (Ri),
defined as,
Ri =
N2(
∂u
∂z
)2 , (4.1)
where N2 is the Brunt-Va¨isa¨la¨ Frequency (BV) and ∂u/∂z is the horizontal veloc-
ity shear, in the along-wave direction. The BV Frequency is defined as,
N2 = − g
ρo
dρ
dz
(4.2)
where g is the gravitational constant, ρo is the reference density, and ρ is the
background density profile, in the absence of any wave-driven pertubation.
The reference density is usually taken to be the density value at the pycnocline,
where the maximum N2 occurs. The canonical critical Richardson number, re-
quired for stability in a stratified and parallel shear flows is Ri = 1/4 [119]; flows
with values above the critical limit are considered stable whereas flows with
values below are prone to shear-based instabilities. Since ISW have a different
time scale than that of flows with a critical Ri = 1/4, studies indicate that the
critical Ri is closer to 0.10 [55, 14, 56, 30].
The most common manifestation of shear instabilities in a ISW is the Kelvin-
Helmholtz (KH) Instability, where the interface of the velocity shear profile co-
incides with pycnocline location [89]. As the interface is perturbed, the density
rolls up into billow-like structures that entrain and mix ambient fluid within; the
mixing thickens the interface. KH instabilities have been observed in shoaling
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Figure 4.1: Echosounder image of a propagating ISW, in the Oregon Continental
Shelf, exhibiting shear instabilities of KH-type. The image was obtained from
Ref. [125]. The wave propagates from left-to-right.
ISWs [125] and also in simulations [55, 14, 56, 29, 30].
As explored in Chapter 3, the convective instability occurs when the wave-
induced horizontal velocity exceeds the wave propagation speed [148, 37, 135,
48, 114, 83]. That is,
Umax > c, (4.3)
where Umax is the maximum ISW-induced horizontal velocity and c is the wave
propagation speed. An ISW that experiences a convective instability is charac-
terized by the sudden steepening at the rear, caused by the rise of heavy fluid
from the lower layer of the water column. This heavy fluid enters the region
above the wave trough, where lighter fluid resides, causing an unstable fluid
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configuration. As the fluid restratifies, highly turbulent convective motion oc-
curs, enhancing mixing and dissipating energy in the water column. Internal
Solitary Waves that become convectively unstable have been observed in the
field [128, 141, 102, 103, 191], experiments [71, 69, 64, 28, 107], and simulations
[94, 95, 57, 100, 72, 165, 87, 30, 108, 99, 109]. Concurrently, convectively unstable
ISWs may also transport mass across large distances (i.e. O(km)) [121].
When an ISW shoals over gentle slopes (i.e. S < 0.03), the wave may be-
come convectively unstable, and possibly develop a recirculating core. The core
compresses the pycnocline, and may induce shear-type instabilities that are gen-
erated at the trough and washed downstream as the wave propagates [28, 30].
As such, both convective and shear instabilities may coincide [97], further in-
creasing energy dissipation and mixing in the water column.
The existence of cores may be linked to the presence of near-surface back-
ground vorticity, associated with either the background density profile or the
background current profile, or both. If there is no preexisting vorticity, then
the ISW may become convectively unstable [71] but no core will form [94]. In
addition, depending on the sign of the near-surface vorticity from the back-
ground current profile, cores may be either surface or subsurface [67]. Surface
cores are characterized by a single recirculating region at the free-surface. Sub-
surface cores have been observed to contain two recirculating regions closer to
the maximum isopycnal displacement [102]. ISWs with subsurface cores have
been shown to be result in the largest energy dissipation and mass transport, yet
only observed in a single location, near the Dongsha Slope in the South China
Sea (SCS)[102, 103].
As previously mentioned, an ISW may be subjected to both types of instabil-
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ities, although no field observations have noted the existence of such wave. It
is possible that the measuring instruments lack the spatio-temporal resolution
necessary to capture both types of instabilities, simulatenously. Observations
of ISWs with subsurface recirculating cores do not show an ISW also exhibiting
shear-instabilities [102], yet the water column properties are favorable for their
formation [103] because the Richardson number was Ri < 0.10.
The observed ISWs with subsurface recirculating cores also exhibited favor-
able conditions for the presence of shear instabilities [103]. Realizing the like-
lihood of the existence of both instability mechanisms, it may be possible to
perform highly accurate numerical simulations, that incorporate the observed
background water column properties, in the absence of the waves. In Chapter
3, the formation of convective instabilities and subsquent recirculating subsur-
face core, over gentle slopes, was explored. It was found that while the wave
properties of the simulated wave did not match the observed wave [103], the
cores would still form regardless of the magnitude of the near-surface vorticity
or the maximum slope located near the subsurface and surface moorings. No
shear-based instabilities were simulated, although it was still possible that, at
the trough of the wave, the shear force was strong enough to trigger the insta-
bilities; yet with the chosen computational resolution these were not captured.
To address the shoaling of an ISW, the spectral multidomain penalty method
(SMPM), originally developed for the study of turbulent wakes in stratified
flows [41], has been adapted to incorporate high-order polynomial interpola-
tion for representation of boundaries [80], thereby being able to make use of
observed bathymetric profile also studied in Chapter 3. It has also been ex-
tended to include a third, lateral direction with a Fourier expansion, preserving
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the highly-accurate nature for capturing the flow physics. The 3D SMPM spec-
trally solves the incompressible Navier-Stokes Equations under the Boussinesq
Approximation [92], by penalizing the discretized operators [58, 59, 73] and ap-
plying a spectral filter in all three directions, considered to be a stand-alone
subgrid-scale model [22, 42].
For a shoaling ISW over gentle slopes, convective instabilities may be antic-
ipated by examining the background current and density structure. As long as
there is near-surface vorticity, associated with the vertical gradient of either the
background current or density field, convective instabilities may be expected
[94, 97, 67]. In the context of shear instabilities of KH-type, these would be no-
ticed near the trough of the wave, where initially Ri < 0.25.
Aside from the critical Richardson number of 0.10, there are two other requi-
sites necessary for the formation of shear instabilities in shoaling ISWs. First, the
region where initially Ri < 0.25 at the trough, must be large enough as the wave
shoals for the instability to be triggered; this region has to be approximately
86% of the ISW half-width [56]. Second, the growth rate of the instability has
to be larger than the ISW timescale [177]; otherwise any possible instability that
would result in a KH-type instability would simply be damped out, or appear
as small oscillations of the pynocline [14], behind the wave. Typically, the in-
stability timescale has to be five times larger than that of the propagating ISW
[14, 29].
Motivated by the field observations of subsurface cores in shoaling ISWs
over gentle slopes, and the results obtained in Chapter 3, in this Chapter the
shoaling process is also examined with the water column properties recorded
by Dr. Ren-Chieh Lien and his team in the SCS, during the summer of 2011.
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Since the team also recorded the varying water depth, as they tracked the waves,
both the fluid properties and the SCS bathymetry can be incorporated to the 3D
SMPM flow solver. Similar to Chapter 3, the work published from their deploy-
ment is thereby referred to as RCL2014 [103]. Worthy of note is the direction
of propagation of the ISWs, which was fairly constant and locked at approxi-
mately Lat. 21o N, towards the west. Thus, no changes in water depth need to
be included in the lateral direction (i.e. into the page), and the use of a Fourier
expansion along this dimension is justifiable.
In the SCS, the ISWs were tracked for four days, near the Dongsha Slope in
the SCS, at Lat. 21o N, Lon. 117.5o E. The data was obtained from two deployed
moorings and ship measurements. The RCL2014 study is the second ever record
of subsurface recirculating cores, formed after the ISW has become convectively
unstable; the first one was also accomplished by Dr. Lien and his team [102].
With the RCL2014 measured density and background current profiles, and the
results of Chapter 3, one known type of instability can be expected. No shear
instabilities were recorded during their expedition, although it may be possible
that these were not captured by the deployed instruments, due to resolution
limitations, despite the water column properties being favorable for their for-
mation.
The formation of the subsurface recirculating core was studied in Chapter
3, in two-dimensions. To this date, no previous work has examined the for-
mation of subsurface recirculating cores, in three-dimensions, although three-
dimensional studies of convectively breaking gravity waves have been accom-
plished. These have highlighted the excitation of higher modes during the
breaking process [10] and the emergence of secondary, spanwise structures that
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generate potential vorticity [188]. According to Ertel’s Theorem of Potential Vor-
ticity (PV), any changes in PV are caused by energy dissipation [92]. In addition,
the lateral structures contribute development of finer motion that leads to mix-
ing and dissipation [49, 55, 12]. As such, the present three-dimensional study
may set precedent for how energy is redistributed and possibly dissipated, as
the ISW shoals, breaks convectively, and a subsurface core is formed.
The objective of the present study is to examine the formation of either con-
vective, shear, or both, instabilities for the shoaling ISW over gentle slopes, orig-
inally introduced in Chapter 3. The focus is placed on whether the observed
field conditions of RCL2014 can support the simultaneous instabilities, using a
high-order simulations. The following questions guide the study: are shear in-
stabilities also possible for the shoaling ISW over gentle slopes? Is the expected
convective instability predominantly 2D? What role does the background cur-
rent play in the ISW energetics? How does the evolution of the gravest lateral
instability compares with the 2D development of the convective overturn?
The simulations build on the explored parameter space presented in Chap-
ter 3, by utilizing the baseline ISW, with an initial amplitude of 143m, along
with the observed background density and current profiles of June 2, 2011 from
RCL2014, in addition to the measured water depth in the South China Sea. The
computational grid resolution is doubled in the horizontal, in anticipation of
smaller scale structure development; no refinement is needed in the vertical as
the used resolution is assumed to be adequate. A two-dimensional run is ini-
tialized until the location of interest in the SCS, defined as that where RCL2014
deployed the subsurface and surface moorings. Once the ISW is known to be
convectively unstable, the simulation is restarted in three-dimensions, shortly
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before the instability occurs, and the wave evolution modeled.
The work contained in this chapter is presented as follows: Section 4.2
discusses the methodology which includes the problem geometry, governing
equations, and simulation description. Section 4.3 includes the results in two-
dimensions along the lateral vorticity and Richardson number. The evolution
of Kinetic Energy (KE) and Available Potential Energy (APE) is also introduced.
Section 4.4 examines the lateral dimension of the computational domain that
will allow for the capture of the instabilities associated with the propagating
wave. The spanwise structured of the flow is also examined, along with a char-
acterization of the lateral instability and the evolution of the wave properties in
3D (i.e. amplitude, propagation speed, half-width, APE, and KE). Section 4.5
discusses the role of the background current in the ISW energetics and length
scale of the convective overturn, which can ultimately be used to understand
the turbulent enhancement within the subsurface recirculating core. Conclud-
ing remarks and suggested future work are included in Chapter 5.
4.2 Methodology
4.2.1 Problem Geometry
Figure 4.2(a) shows a diagram of the shoaling problem, along with an ISW, in
three-dimensions, and Figure 4.2(b) shows the ISW over a flat surface, along
with its properties: amplitude, Ai, half-width, Lw, and a propagation speed, c.
The wave propagates over a domain that has a length, Lx, a depth, H, and width,
Ly. In both 4.2(a) and 4.2(b), the coordinate system is placed at the free-surface,
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where H = 0. The along-wave, streamwise, direction is positive towards the
shallower water depth; it is also denoted as the horizontal x-direction. Simi-
lar to the study of Chapter 3, the ISW propagates towards positive x, and this
configuration is opposite to that used in RCL2014. The vertical, depthwise, di-
rection is negative towards the bottom. Since the water depth changes in the the
along-wave direction, H → H(x). In the lateral, or spanwise, direction, positive
y is into the page. If the simulation is two-dimensional, no spanwise direction is
used.
In Figure 4.2(b), the amplitude is defined as the maximum isopycnal dis-
placement, from the reference state. The half-width is the integral of this dis-
placement, along the wave-propagation direction [90], and the propagation
speed corresponds to the translation of the wave trough, or the downward dis-
placement of the pycnocline. The profile of the steady background density, ρo +
ρ(z), along with the steady background current, U(z), is also included in 4.2(b).
The initial water column properties are those originally discussed in Chap-
ter 3.2, with the pycnocline depth at zo = -22m and the reference density ρo =
1026.58 kgm−3. These properties were obtained from the deployed moorings
used in RCL2014, which consisted of a subsurface mooring, at Lat. 21.07o N,
Lon. 117.27o E and a surface mooring, at Lat. 21.07o N, Lon. 117.22o E; the
moorings were approximately 6km apart and covered the region of the steep-
est slope in the SCS bathymetric transect. Here, the ISWs were observed to be
convectively unstable and contain a subsurface recirculating core. Figure 3.1
of Chapter 3.2.1 shows the SCS bathymetric transect along with the mooring
locations.
105
Figure 4.2: Schematic of the shoaling problem for an internal solitary wave of
depression. The three-dimensional transect is presented in (a) along with initial
wave and its properties in (b). The wave properties are: half-width , Lw, am-
plitude, A, and propagation speed, c. The reference datum is placed at the free
surface. The transect has a streamwise length, Lx, a width, Ly, and a variable
depth, H(x); it is taken to be constant in the spanwise, y, direction (i.e. no lateral
variations). In (b), the time-averaged background density profile, ρo + ρ(z), is
denoted as the grey-solid line, while the time-averaged velocity profile, U(z), is
given as the solid-blue line.
4.2.2 Governing Equations
The governing equations for the present study are the three-dimensional incom-
pressible Navier-Stokes Equations under the Boussinesq Approximation (INSB)
[92]. These are formulated in a Cartesian coordinate system. As such, akin to
Chapter 3.2.3, the SCS bathymetric transect data from RCL2014 is converted
from Lat./Lon. to Universal Transverse Mercator (UTM), where the Cartesian
framework is valid. More information on the conversion and corresponding
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UTM Coordinates can be found in Chapter 3.2.1.
Prior to initializing the flow solver, the velocity field, in the along-wave
propagation direction, is decomposed into a perturbation, u′(x, y, z, t), and a
steady background field, U(z); v′(x, y, z, t) and w′(x, y, z, t) are used to describe the
full lateral and vertical velocity. Per the Boussinesq approximation, the density
field is decomposed into a reference, ρo, a background, ρ(z), and a perturbation
field, ρ′(x, y, z, t).
The conservation of mass, in vector form, is given as,
∇ · u = 0, (4.4)
where u is the three-dimensional velocity field (i.e. u = (u′ + U, v′,w′)). The
momentum equations are
∂u′
∂t
+ u′
∂u′
∂x
+ v′
∂u′
∂y
+ w′
∂u′
∂z
= − 1
ρo
∂p′
∂x
− U ∂u
′
∂x
− w′∂U
∂z
+ ν∇2u′, (4.5)
in the along-wave, x, direction,
∂v′
∂t
+ u′
∂v′
∂x
+ v′
∂v′
∂y
+ w′
∂v′
∂z
= − 1
ρo
∂p′
∂y
− U ∂v
′
∂x
+ ν∇2v′, (4.6)
in the lateral, y, direction, and
∂w′
∂t
+ u′
∂w′
∂x
+ v′
∂w′
∂y
+ w′
∂w′
∂z
= − 1
ρo
∂p′
∂z
− U ∂w
′
∂x
+ ν∇2w′ − ρ
′g
ρo
, (4.7)
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in the vertical, z, direction. Here p′(x, y, z, t) is the perturbation pressure with
respect to the reference background state, t is time, ν is the kinematic viscosity,
and g is the gravitational acceleration direction. Rotation is neglected. The effect
of changing water depth dominates over rotational forces [99]. However, over
constant water depth rotation results in radiation of long inertia-gravity waves,
which gradually decrease the ISW in amplitude [68, 99].
The density perturbation equation equation is
∂ρ′
∂t
+ ∇ · [u (ρ′ + ρ(z))] = κ∇2ρ′, (4.8)
where κ is the mass diffusivity. In Equation (4.5) to (4.8), the diffusion of the
background profile is neglected. Lastly, following the Boussinesq Approxi-
mation, the reference pressure, p(x, z), is in hydrostatic balance with the back-
ground field in the absence of any wave propagation:
∂p
∂z
= − (ρo + ρ) g. (4.9)
4.2.3 Simulation Description
Equation (4.4) to Equation (4.8) are solved numerically via the three-
dimensional deformed-domain variant of the spectral multidomain penalty
method (SMPM) [80]; it is collocation-based in the x and z direction and equidis-
tant in the y direction. A local Legendre-polynomial expansion is used to ap-
proximate the solution at each node of a Gauss-Lobatto-Legendre (GLL) grid in
each element [91]. The velocity and density fields are expanded with a Fourier
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Basis in the lateral. Time-integration is achieved via a Stiffly-Stable Third order
scheme [84].
The boundary conditions, used to solve Equation (4.5) to Equation (4.8) of
the SCS shoaling problem, are specified as free-slip/no-flux at all four physi-
cal boundaries and periodic in the lateral direction. In addition, at the left and
right boundaries (i.e. x = 0 and z = 0), an artificial Rayleigh-type damper, one
ISW half-width thick, is applied to eliminate any possible reflection from the
incoming ISW [1]. For Equation (4.8), no-flux boundary conditions are imple-
mented in all four physical boundaries, along with the Rayleigh-type damper
at the left and right boundary, and periodicity in the lateral direction. Lastly, an
exponential spectral filtering technique is applied in all directions to dissipate
any numerical instabilities.
Similar to Chapter 3.2.5, the initial conditions, representing the ISW, are ob-
tained from the Dubreil-Jacotin-Long (DJL) Equation (i.e. Equation (A.1) to
Equation (A.6)) [106, 179], solved via a spectral technique [52]. The obtained
solution corresponds to an ISW that propagates over a flat bottom, with the
water column properties observed by RCL2014 and discussed in Chapter 3.2.2.
Such wave has an initial amplitude of Ai = 143m, a half-width of Lw,i = 1014m,
and a propagation speed of ci = 1.9258ms−1.
Initializing the SCS Shoaling Simulation
The present study encompasses two parts: a two-dimensional simulation of the
shoaling ISW over gentle slopes and a three-dimensional restart once the ISW
is noted to be unstable. The restart is performed shortly before the instabil-
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ity arises. Afterwards, the ISW is then allowed to become unstable in three-
dimensions. The computational domain used for both the 2D and 3D study is
the same as that originally discussed in Chapter 3.2.5. The solution of the DJL
Equation is placed over a flat bottom, where the ISW is allowed to propagate
without artificially inducing shoaling.
To numerically solve Equation (4.4) through Equation (4.8) with the SMPM
flow solver, the computational domain is partitioned into mx subdomains in
the horizontal and mz subdomains in the vertical direction, with n points per
subdomain in each direction. The degree of the polynomial used to approximate
the solution inside each element is p = n− 1. In the lateral direction, the number
of points is denoted as my. The total number of degrees of freedom is defined
as: n2mxmzmy.
The number of subdomains in the horizontal is set to mx = 1600; this value
is twice as that used in Chapter 3. Such increase is justified in anticipation
of smaller scale structure development, consequence of the three-dimensional
breaking. The maximum grid spacing, for the GLL grid, is now approximately
∆x = 6m; this value is less than the length of observed KH-type instabilities
in the field [125]. The convective breaking is better resolved, along with the
flow inside the subsurface recirculating core. The number of subdomains in the
vertical remains unchanged, such that mz = 25. It is assumed that the vertical
resolution previously used is adequate. Lastly, the number of points per subdo-
main is also kept fixed, a n = 15. Note that it is not known a priori if the assumed
resolution is sufficient.
Similar to the previous study of Chapter 3, the computational domain is par-
titioned into overlapping windows of approximately mx = 128 elements, that
110
Table 4.1: Computational Parameters for the 2D simulations presented in this
study. The regions included are: Location I, the subsurface, and surface moor-
ing location. Note that the Gauss-Lobatto-Legendre (GLL) grid is non-uniform
locally in each element. The total number of gridpoints in the lateral direction
is my = 1.
Parameter Value Parameter Value
∆xmin 1.120m ∆xmax 6.619m
∆zmin,I 0.640m ∆zmax,I 3.967m
∆zmin,sub 0.314m ∆zmax,sub 2.254m
∆zmin,sur 0.296m ∆zmax,sur 1.838m
mx 1600 mz 25
n 15 ∆t 0.2s
track the ISW as it shoals; this approach reduces the computational time per
timestep. The window size is approximately 16Lw,i with an overlapping length
of approximately 6Lw,i to 7Lw,i, depending on the ISW location and propagation
speed along the transect. Table 4.1 shows the properties of the computational
grid employed in this study. The timestep size, ∆t, is specified so as to respect
the CFL limit for the initial velocity scale and the grid properties; the limit is set
to 0.50 for both the x and z direction. During the shoaling simulation, an adap-
tive timestepping method ensures that ∆t is adjusted, if necessary; timestep ad-
justement would result from a change in the wave velocity scales or due to the
small-scale features of the subsurface recirculating core. Nevertheless, it is not
known a priori if a timestep adjustment is necessary.
Figure 4.3 shows the isopycnals at Location I, along with the SMPM grid
superimposed in gray. With the increase in horizontal resolution, there are ap-
proximately 120 points per ISW wavelength and 60 points per maximum isopy-
cnal displacement. Across the transect, the vertical grid spacing decreases with
decreasing water depth, as noted in Table 4.1.
The parallelization scheme of the flow solver is based on a Message Passing
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Figure 4.3: Internal Solitary Wave (ISW) at Location I with the superimposed
GLL Grid (gray). The range has been shifted with the trough location, xc. Eleven
isopycnals are shown, along with the pycnocline (thicker solid-black line). The
ISW field is obtained from the solution of the DJL Equation Solver [52]. The
position of the ISW has been shifted by a distance of xc = 10Hi.
Interface (MPI) implementation. The SMPM computational domain is parti-
tioned in the along-wave x-direction, such that each processor solves a problem
with size n2mz(mx/nprocs), where nprocs is the number of processors. The max-
imum number of processors, that can be used at any given time with the SMPM
flow solver, is equal to mx. For a 2D simulation, by increasing the number of
subdomains in the horizontal there is an increase in wall-clock time, but no in-
crease in memory requirement and the computational time per timestep is the
same as that of Chapter 3. Once the simulation is restarted in 3D, then the mem-
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ory requirement and the computational time per timestep increases.
With regards to the choice of resolution in the vertical, the most expensive
part of the SMPM flow solver is computing the solution of the Pressure Poisson
Equation (PPE), which is based on a Schur Factorization of the Poisson matrix
that scales as n2mz in 2D [80] and n2mzmy in 3D. Any increase in either n or mz
results in a significant increase in the memory cost which ultimately leads to
an increase in computational time. Thus, increasing the vertical resolution or
the degree of the polynomial used to approximate the solution in each element
must be justified.
Migrating from 2D to 3D
To migrate the 2D grid to 3D, a domain extrusion is applied, where the x-z
grid is repeated my times. No lateral changes to the SCS bathymetric transect
are imposed because the observed ISWs propagated along the same latitude,
in the normal-to-isobath direction [103]. Subsequently, when the simulation is
restarted in 3D, prior to the ISW becoming unstable in 2D, the fields are per-
turbed to ensure that the breaking process becomes three-dimensional. The per-
turbed density, ρ′∗, horizontal velocity, u∗, and vertical velocity, w′∗, are defined
as,
ρ′∗(x, y, z) = (1 + αR) ρ′(x, z), (4.10)
u′∗(x, y, z) = (1 + αR) u′(x, z), (4.11)
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and
w′∗(x, y, z) = (1 + αR)w′(x, z) (4.12)
where α is the noise amplitude, chosen to be 10−3, and R is a uniformly dis-
tributed random number ranging from -1 to 1 [55]. No perturbation is intro-
duced in the v′ velocity. The perturbed fields are then set as the initial condition
for the three-dimensional restart.
In the three-dimensional study, the choice of my, and the lateral width, are
not known a priori. Therefore, one of the objectives of the present work is to
determine the required values to accurately capture the unstable shoaling ISW.
The choice of lateral domain is nontrivial. Studies of breaking interfacial waves
suggest a lateral width between 1/2 to 2 times the water column depth [55, 12].
At the location of the moorings, where a subsurface recirculating core exists,
the water depth can be used as the reference length scale to determine the lat-
eral width. According to RCL2014, the subsurface mooring recorded data up to
a depth of 450m. With this length scale, the ISW shoaling simulation can be per-
formed using selected values of Ly. Four simulations with varying lateral width
are performed, where the ISW is allowed to propagate until the location of the
subsurface mooring; here, the differences between each Ly-based solution can
be studied visually, to determine any possible changes. The selected Ly values
are: 25.7m, 67.5m, 100m, and 135m; these values correspond to a fraction of the
450m water depth. The number of gridpoints in the transverse is initially set to
my = 32.
Once the lateral width is chosen, the ISW shoaling process is simulated with
the obtained Ly and an increased lateral resolution of my = 64. The increment
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allows for more Fourier modes to not be filtered. The exponential filter order in
the transverse is kept fixed at a value of 11, equal to that in the x-z domain. It
may be possible that 32 points or 64 points in the transverse is not an adequate
resolution to capture the lateral evolution of the ISW. Lastly, the timestep size is
initially set to 0.2s, with the adaptive ensuring that the CFL limit is not violated;
these are limits are fixed at 0.5 in x and z and at 0.25 in y.
4.3 Characterizing the instability in a two-dimensional shoal-
ing ISW over the SCS bathymetric transect
4.3.1 Properties of the two-dimensional ISW propagating over
the SCS transect
The two-dimensional shoaling ISW is performed until the wave reaches the lo-
cation of the surface mooring, at a distance of approximately 60km from the
start of the SCS bathymetric transect. As the wave propagates, its properties are
computed using the same approach as Chapter 3.3.1. Figure 4.4 shows the com-
puted propagation speed, maximum ISW-horizontal velocity, amplitude and
half-width. In the presence of a convective overturn, where there is a heavy-
over-light fluid configuration, the density field is first adiabatically sorted, then
the amplitude is computed. The density rearrangement is accomplished via a
probability density function of the density perturbation profile [189, 178], using
a parallel sorting algorithm [154].
Figure 4.4(a) corresponds to the wave velocity scales: Umax and c. At approx-
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Figure 4.4: Computed properties of the shoaling ISW along the SCS transect.
The simulation was stopped once the ISW reached the location of the surface
mooring at approximately 60km. The included properties are: (a) wave propa-
gation speed, c, and maximum horizontal velocity, Umax, (b) amplitude, A, and
(c) half-width, Lw. The SCS transect is presented in (d) for reference. The black-
dashed line corresponds to the location of the surface and subsurface moorings
deployed by RCL2014.
imately 50 km from the start of the transect, the propagation speed decreases
below Umax, leading to convective breaking; this is approximately at the same
distance as shown previously in Figure 3.7, for the coarsely resolved simula-
tions. Figure 4.4(b) and 4.4(c) show the ISW amplitude and half-width, along
the SCS bathymetric transect; the transect is included in 4.4(d) for reference.
As the ISW shoals, the amplitude increases and the half-width decreases. In
the context of two-dimensional shoaling over gently varying bathymetry, an
increase in amplitude leads to a decrease in propagation speed [162] and this
process is captured by the present simulation.
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4.3.2 Examining the primary two-dimensional instability
To examine the possibility of shear instabilities, the Richardson Number is com-
puted using Equation (4.1); the result is shown in Figure 4.5. Any Ri value that
is above the critical threshold of Ri = 1/4 [119], or below 0, is removed; values
above this threshold correspond to strongly stratified regions, where there is
no shear present, while values below 0 indicate an overturn, where there is a
heavier-over-light fluid configuration. The overturn is an indication of a con-
vective instability.
Figure 4.5 also shows the first isopycnal undergoing convective breaking as
the red-solid line; its value is found to be ρc = 1022.26 kgm−3. The black-solid line
is the pycnocline, where the density value is the reference ρo. The value of Ri at
the trough of the ISW is approximately 0.15, but at the convectively breaking lo-
cation, where ρc is overturning, Ri is below 0.10; here is where shear instabilities
could be present [14, 29]. It may be conjectured that, for the background field
conditions used in the present study, the convective instability seems to precede
any possible shear instability.
At the ISW trough, the length of the region where Ri < 1/4, defined as lu,
is approximately 400m. The ISW half-width is shown as Lw; at the subsurface
mooring its value is approximately 781m. When the ratio of lu/Lw is computed
its value is 0.511 which is not larger than 0.86 [56]. Thus, no roll-up motion
akin to KH-type billows is expected at the pycnocline. Alternatively, the size of
the region, where shear is significant, is not large enough for the instability to
develop.
To further verify the possible presence KH-type instabilities, which are char-
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Figure 4.5: Richardson number, as defined in Equation (4.1) at the subsurface
mooring location for the SCS shoaling simulation. Only the range 0 < Ri <
1/4 is included; values above 1/4 are regarded as strongly stratified and val-
ues below 0 are associatd with an overturn, where there is a heavy-over-light
fluid configuration. The isopycnal corresponding to the reference density, ρo =
1022.58 kgm−3 is denoted as the black-solid line while the isopycnal undergoing
convective overturning, with a value of ρc = 1022.26 kgm−3 is shown as the red-
solid line. The length of the region, below the trough, where Ri < 0, is denoted
as lu. Here the minimum Ri is obtained to be 0.16. The half-width of the ISW
is included as Lw. The ratio lu/Lw can be used as an indicator of the possibility
of shear-instabilities [56]. At the subsurface mooring location, this ratio has an
approximate value of 0.511.
acterized by coherent vortical motion, the vorticity in the lateral direction, ωy,
is computed at the subsurface mooring location. The lateral vorticity is defined
as,
ωy = −
(
∂w′
∂x
− ∂u
∂z
)
, (4.13)
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Figure 4.6: Lateral vorticity, ωy, at the subsurface mooring location. The isopy-
cnal experiencing convective overturning first, ρc, is included as the magenta-
solid line; it has a value of approximately 1022.26kgm−3. The pycnocline is in-
cluded as the black-solid line.
where u = u′+U. If the KH-type shear instabilities are present, they can manifest
as lobes of ωy. The lateral vorticity is shown in Figure 4.6, along with the ρc
isopycnal as the magenta-solid line, and the pycnocline as the solid-black line.
No indication of coherent vortical motion is near the pycnocline.
According to RCL2014, when the ISW reaches the surface mooring loca-
tion, a subsurface recirculating core has already formed. The Shipboard ADCP
and CTD measurements have also suggested the presence of shear instabilities
close to the core of the ISW. Figure 4.7 shows the computed Richardson number
within the range 0 < Ri < 1/4, at the surface mooring location. The isopycnal
that first exhibited convective breaking, ρc, is shown as the red-solid line; the
pynocline is shown as the black-solid line.
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With fluid further being displaced above the trough, the Richardson number
decreases below the critical value of 0.10 and at some instant becomes negative
(not shown), indicating the presence of overturn. The smallest Ri are located
close to the core of the wave, that is surrounded by ρc. Thus, the convective
breaking, originally noted at the surface mooring location, may create favorable
conditions for shear instabilities, although near the core. The possibility of shear
instabilities closer to the region where the subsurface recirculating core exists
was also reported by RCL2014. Near the ISW trough, the length of the region
where Ri < 1/4 is 500m; the half-width is found to be Lw = 780m. Thus, the value
of lu/Lw is 0.640. Under length scales, no shear instabilities are expected at the
pycnocline [56].
The lateral vorticity, ωy, is computed at the surface mooring location and
shown in Figure 4.8; the ρc isopycnal is included as the magenta-solid line, along
with the pycnocline, as the black-solid line. No coherent vortical motion, char-
acteristic o KH-type instabilities, exists near the pycnocline. Thus, it is believed
that the dominant instability in the shoaling ISW, for the given background cur-
rent and density profile, is convective and not shear.
Lastly, from Figure 4.8, the prexisting background shear, or background vor-
ticity, appears to be intruding from the near-surface region into the wave, just
above the trough. As the negative vorticity penetrates, positive vorticity, near
the pycnocline, is dislodged and pulled into the trough. Because subsurface
recirculating cores are characterized by two-counterotating regions [102], this
intrusion of negative and positive vorticity may be used to highlight the impor-
tance of the background current in the formation of a subsurface recirculating
core [67].
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Figure 4.7: Richardson number, as defined in Equation (4.1) at the surface moor-
ing location for the SCS shoaling simulation. Only the range 0 < Ri < 1/4 is in-
cluded; values above 1/4 are regarded as strongly stratified and values below 0
are associated with an overturn, where there is a heavy-over-light fluid config-
uration. The pycnocline is denoted as the black-solid line and the isopycnal the
first exhibited convective breaking, ρc, is shown as the red-solid line. The length
of the region, below the trough, where Ri < 0, is denoted as lu. Here the mini-
mum Ri was simulated to be 0.15. The half-width of the ISW is included as Lw.
The ratio lu/Lw can be used as an indicator of the possibility of shear-instabilities
[56]. At the surface mooring location, this ratio has an approximate value of
0.64.
4.3.3 Examining the energetics of the shoaling ISW over the
SCS bathymetric transect in two-dimensions
In addition to the velocity and length scales, the ISW may also be characterized
by its distinct Kinetic Energy (KE) and Available Potential Energy (APE). The
APE is defined as the minimum energy required to adiabatically bring a dis-
placed fluid parcel back to its reference location [96, 189]. To obtain the APE,
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Figure 4.8: Lateral vorticity, ωy, at the surface mooring location. The isopycnal
that first exhibited convective breaking, ρc, is included as the magenta-solid line
along with the pycnocline as the black-solid line.
the APE Density, Ea, is computed first, by integrating the density profile be-
tween the fluid parcel at its reference location and at its displaced location, in
the vertical. The APE is then obtained by taking the volume integral of Ea.
However, in the presence of a convective overturn, the density is adiabati-
cally sorted, into a stable configuration, such that it is monotonically increasing
[189, 178, 154]. Assuming that the background density is invertible, with inverse
zr(ρ), that satisfies the relation η(x, z, t) = zr(ρ(x, z, t)), where η is the isopycnal dis-
placement, Ea can then be obtained by integrating across the difference between
the fluid parcel height at the reference background density profile, and the adi-
abatically rearranged density profile associated with the wave-driven distur-
bance, zr(ρ) [96].The APE Density, Ea, is then[123, 124, 96, 98]
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Ea(x, z, t) = g
∫ ρ(x,z,t)
ρ(z)
(
z − zr(r′)) dr′. (4.14)
The APE is the volume integral of Ea (e.g. in 2D, APE =
∫ ∫
Eadzdx). The ISW
Kinetic Energy (KE) is the volume-integral of the KE Density, Ek, defined as [98],
Ek(x, z, t) =
ρo
2
(
u2(x, z, t) + w2(x, z, t)
)
, (4.15)
where u = u′(x, z, t) and w = w′(x, z, t); these velocity fields are the wave-induced
horizontal and vertical velocity, respectively; no background current is included
in the computation of the wave KE.
Figure 4.9 shows the KE and APE for the shoaling ISW. In 4.9(a), the KE and
APE evolution are shown; in 4.9(b), the KE and APE relative change are shown,
based on their respective energy value, Ei, at the start of the SCS bathymetric
transect, which is included for reference in 4.9(c). The initial ISW KE and APE
value are 252MJm−1 and 198 MJm−1, respectively. The location of the subsur-
face and surface mooring is denoted as the black-dashed lines in 4.9(a) through
4.9(c).
From Figure 4.9, the APE is increasing as the wave shoals. The increase in
APE is consistent with the increase in amplitude and the decrease in propaga-
tion speed, shown in Figure 4.4; the wave is adjusting to the changes in water
depth. Because the SCS bathymetric slope is regarded as gentle, the ISW is
thought to shoal without losing significant energy [162]. Such a process is also
referred to as adiabatic shoaling [48, 62, 184, 99].
Conservation of energy dictates that, as the APE increases, the KE should be
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Figure 4.9: Evolution of the Kinetic Energy (KE) and Available Potential Energy
(APE) for the shoaling ISW. In (a), KE and APE are computed from intgrating
Equation (4.15) and Equation (4.14), respectively. In (b), relative difference for
the APE and the KE with respect to their initial value is computed and shown;
the red-solid line corresponds to the 0 value. In (c), the SCS bathymetric transect
is included for reference.
decreasing [98]. Nevertheless, Figure 4.9(a) and 4.9(b) show that the KE remains
relatively constant. To verify the computation of the APE and KE, a second
simulation was performed for a shoaling ISW, without any background current,
U(z), but with a DJL Solution that had the same initial wave amplitude of Ai =
143m; this special shoaling simulation had a reduced number of subdomains, in
the along-wave direction, of mx = 800. The ISW propagated until the end of the
SCS bathymetric transect.
Figure 4.10 shows the KE and APE of the propagating ISW without the pres-
ence of a background current. In 4.10(a), the evolution APE and KE are shown.
In 4.10(b), the relative difference, for the APE and KE, is shown along the SCS
bathymetric transect, which is included in 4.10(c) for reference. The location of
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Figure 4.10: Evolution of the Kinetic Energy (KE) and Available Potential En-
ergy (APE) for the shoaling ISW without the presence of a background current, U(z).
In (a), KE and APE are computed from integrating Equation (4.15) and Equa-
tion (4.14), respectively. In (b), relative difference for the APE and the KE with
respect to their initial value is computed and shown; the red-solid line corre-
sponds to the 0 value. In (c), the SCS bathymetric transect is included for refer-
ence.
surface and subsurface mooring is denoted as the black-dashed lines in 4.10(a)
through 4.10(c).
From Figure 4.10, the APE is increasing as the KE decreases. This phe-
nomenon is consistent with conservation of energy, although the numerical
scheme of the SMPM flow solver has as exponential filter active and finite vis-
cosity value; both of these terms dissipate energy. Thus, there should be a net
change in total energy as the ISW shoals. Nevertheless, the decrease in KE and
increase in APE is consistent with a shoaling wave, without a background cur-
rent [98].
According to the energy evolution in stratified flows, the interchange be-
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tween KE and APE occurs through the buoyancy flux term, ρ′w′g [175]; this
term shows up in both the conservation of APE and conservation of KE [82].
The APE increases because of an increasing buoyancy flux, and an increase in
this flux leads to a decrease of KE. This is the only active source of energy related
to the ISW-induced density perturbation and velocity pertubation. However,
under the presence of a background current, the background shear provides ki-
netic energy to the wave. As such, it may be conjectured that, in the present
study, where the ISW shoals under the presence of a background current, the
constant KE shown in Figure 4.9 is associated with the presence of U(z), which
could be supplying most of the energy converted to APE. Further analysis will
be addressed in Section 4.5.
Lastly, Figure 4.9 also shows a KE value that is higher than the APE value, for
any given position along the SCS bathymetric transect, yet RCL2014 observed a
higher APE than KE. ISWs are known to have a higher KE than APE [98]. Wor-
thy of note is the approach used by RCL2014 to compute the ISW energy. Here,
the KE was computed by subtracting the background current’s KE, averaged for
30 min prior to the wave arrival at the mooring locations. If the same approach
is applied to the simulated data of the present study, shown in Figure 4.9, then
the KE is lower than the APE, from the start of the simulation (not shown).
However, the KE from the simulated ISW may be obtained directly from the
ISW-induced horizontal and vertical velocity, without the inclusion of the back-
ground current. This difference in definition may explain why the simulated
KE value is higher than the APE, because using the horizontal velocity decom-
position, u = u′ + U, then 12ρoU
2 , 12ρo(u
′ + U)2. Nevertheless, the difficulty in
separating ISW-induced horizontal velocity from the background current, using
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observed data, makes the KE computation nontrivial in the field. The method
utilized by RCL2014 is believed to be correct, yet the KE values would be dif-
ferent. Note that, from the equation describing the evolution of the KE [82], the
KE may be regarded as the energy available for dissipation. As such, an overes-
timate/underestimate could have an impact on the energy budget of a shoaling
ISW.
4.4 The formation of the three dimensional convective instabil-
ity in a ISW shoaling over the SCS bathymetric transect
4.4.1 Restarting from two dimensions to three-dimensions
The first step, in simulating the shoaling of the ISW in 3D, is to specify the do-
main width, Ly. The process of determining Ly begins with a simulation coarsely
resolved in the lateral direction, where my= 32 gridpoints are chosen, and the
domain width is varied. The ISW is then allowed to propagate from the restart
location to the subsurface mooring location, where it is already convectively
unstable; here, the lateral structure of the solution is analyzed.
The objective, of this part of the study, is to find the minimum domain width
that will not produce any discernible difference in the solution structure, in the
context of the development of transverse structure. The values chosen for Ly
are: 25.7m, 67.5m, 100m, and 135m. These are obtained by considering the
maximum water depth that the subsurface mooring, in the field, captured (see
RCL2014), and taking a fraction of this depth; this depth is noted as 450m. Ide-
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ally, the lateral dimension should be associated with the length scale of interest
of the problem, which may be the size of the observed overturn. However, for
the field data corresponding to June 2, such scale is not known. Thus, a domain
width convergence study based on the water depth is performed instead.
The three-dimensional simulation is restarted prior to the ISW becom-
ing convectively unstable. It is assumed that the shoaling process is two-
dimensional prior to convective breaking. Once the wave propagation speed
decreases below the ISW-induced horizontal velocity, the breaking process
should be three-dimensional [55].
From Figure 4.4, the location where Umax > c occurs at approximately 50km
into the SCS bathymetric transect. The shoaling simulation is then restarted
prior to 50km. Figure 4.11 shows the location of the ISW prior to restart; it is
approximately 20 km before the location of the subsurface mooring. The ISW-
induced velocity and density field are slightly perturbed upon restart, to ensure
that the three-dimensional breaking process occurs. It is assumed that, without
any perturbation no 3D breaking will occur, as no self-excited 3D breaking mode
has been reported in the literature for convectively unstable ISWs.
4.4.2 Visualizing the convectively breaking ISW
The shoaling ISW may be visualized from a single contour level, with value ρc
= 1022.26 kgm−3, as introduced in Section 4.3. This is the contour level that first
becomes convectively unstable in 2D. Figure 4.12 shows the convectively un-
stable ISW at the subsurface mooring location with Ly = 25.7m and my = 32. In
addition to the isosurface corresponding to ρc, a second isosurface associated
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Figure 4.11: SCS bathymetric transect with the location of the wave-driven per-
turbation where the restart run in three dimensions occurs. The contour vari-
able is the total density field, ρ, which includes the steady background density
profile, ρ, and the density perturbation ρ′. The locations of the subsurface and
surface mooring are also included as the green-dashed and red-dashed lines,
respectively. The SCS bathymetric transect with the background density profile
is originally shown in Figure 3.3.
with the reference density, ρo, is also included as grey; this isosurface is the py-
cnocline. The wave is not drawn to scale, as its dimensions need to be adjusted
so that it can be observed within the field of view of the visualization software.
The along-wave direction is decreased by a factor of 10 and the lateral direction
is increased by a factor of 2. The black-solid line arrow indicates the direction of
wave propagation.
4.4.3 Establishing the lateral domain width
Changes in the simulated wave, along the lateral direction, are first reported
through the vertical component of vorticity, ωz, that is computed as,
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Figure 4.12: Isosurfaces of the convectively unstable ISW, shoaling over the SCS
bathymetric transect, at the location of the subsurface mooring; this location
is approximately 54.2km into the transet. Two isosurfaces, representing two
isopycnal values, are shown: ρc = 1022.26 kgm−3 (red) and ρo = 1022.58 kgm−3
(grey). Note that the wave is not shown to scale. The domain is adjusted so that
the ISW can be observed within the window size of the visualization software.
The along-wave direction is decreased by a factor of 10 and the lateral direction
by 2. The domain length is set to Ly = 25.7m with my = 32 gridpoints in the
lateral.
ωz =
(
∂v′
∂x
− ∂u
′
∂y
)
kˆ. (4.16)
This property indicates the presence of the spanwise instabilities, that originate
from changes in the lateral velocity, v′; it can be visualized in the x-y plane, at
a depth of H = −100m, where ρc exhibits convective breaking as previously
shown in Figure 4.5 and Figure 4.6.
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Figure 4.13 shows the ωz contour with my = 32 gridpoints, for the various
values of Ly. The isopycnal corresponding to ρc is included as the red-dashed
line. In Figure 4.13(a), the domain length is Ly = 25.7m, Ly = 67.5m in 4.13(b),
Ly = 100m in 4.13(c), and Ly = 135m in 4.13(d). The structure of the lateral in-
stability varies from 4.13(a) to 4.13(c); the instability at 4.13(a) is first visualized
as a positive and negative ωz lobe, but as the value of Ly increases, the vertical
vorticity field converges to six lobes: three positive and three negative.
The vertical vorticity lobes can be associated with a particular wavenumber,
that corresponds to the most energetic mode in Fourier space. Given the lobe
structure (i.e. three positive and three negative) in Figures 4.13(c) and (d), the
most energetic wavenumber is defined as kint = 2pi/(Ly/3), so that for Ly = 25.7m,
kint = 0.7334 radm−1, for Ly = 67.5m, kint = 0.2793 radm−1, for Ly = 100m, kint =
0.1885 radm−1, and for Ly = 135m, kint = 0.1396 radm−1.
Since the lobes can be clearly discerned with Ly = 100m and Ly = 135m, in
Fourier space the wavenumber of spacing, obtained from k = 2pi/Ly, cannot
be larger than kint = 0.1885 radm−1. With a lateral width of Ly = 67.5m, this
wavenumber is captured, but given the my = 32 gridpoints, more resolution is
needed to resolve the vortical motion in greater detail. The domain width is
then set to Ly = 67.5m, with an increase in lateral gridpoints to my = 64, because
this value should capture the lobe structure noted in Figure 4.13(c) and (d).
Figure 4.14 shows the contour of ωz for Ly = 67.5m with my = 64 gridpoints;
the ρc isopycnal is included as the red-dashed line. Notice that the solution now
exhibits the same vortical structure as that in Figure 4.13(c) and Figure 4.13(d):
three lobes of positive/negative vorticity. More information on the lateral insta-
bility, along with the Power Spectral Density (PSD) function, will be discussed
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Figure 4.13: Contour of ωz computed with Equation (4.16) at the subsurface
mooring location. Four lateral widths, Ly, are included: Ly = 25.7m in (a), Ly =
67.5m in (b), Ly = 100m in (c), and Ly =135m in (d). The isopycnal corresponding
to ρc is included as the red-dashed line. In (a) through (d), the number of lateral
gridpoints is my = 32.
in Section 4.4.5. The remaining analysis of the three-dimensional shoaling sim-
ulations is now based on a lateral domain width of Ly = 67.5m with my = 64
gridpoints.
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Figure 4.14: Contour of ωz computed with Equation (4.16) at the subsurface
mooring location, for a width of Ly = 67.5m. The isopycnal corresponding to ρc
is shown as the red-dashed line. The number of lateral gridpoints is my = 64.
4.4.4 Convectively unstable shoaling ISW in three-dimensions
Visualizing the ISW at the moorings
The 3D simulated ISW shoaling at the subsurface and surface mooring is shown
in Figure 4.15 and Figure 4.16, respectively. Two isosurface values are included:
ρc (red) and ρo (grey). The domain is adjusted so that the ISW can be observed
within the window size of the visualization software. The lateral domain is
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Figure 4.15: Isosurfaces of the convectively unstable ISW shoaling over the SCS
bathymetric transect at the location of the subsurface mooring. The isosurface
values are: ρc (red) and ρ (grey). The domain is adjusted so that the overturning
isosurface can be noticed; the lateral domain is increased by a factor of 1.5. The
domain length is set to Ly = 67.5m with my = 64 lateral gridpoints. The black
arrow indicates the direction of propagation.
increased by a factor of 2. The domain with is set to Ly = 67.5m with my = 64
lateral gridpoints. The wave propagates in the direction noted by the black-
solid arrow, with propagation speed c.
In Figure 4.15, any lateral instabilities are barely noticeable through isosur-
face visualization, although the ISW does exhibit convective instability, in the
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along-wave direction. When the ISW arrives at the surface mooring location
(Figure 4.16), lateral instabilities are evident as the ρc isosurface exhibits distinct
wave-like structures along this direction; this isosurface is also overturning and
the pycnocline isosurface remains unperturbed. Given that a subsurface recir-
culating core exists at this location, it may be breaking in three-dimensions, as
the ISW propagates into shallower water retaining its original form.
ISW Properties along the SCS bathymetric transect
To characterize the ISW as it shoals over the SCS bathymetric transect, the max-
imum ISW-induced velocity, Umax, propagation speed, c, amplitude, A, and half-
width, Lw, are computed using the procedure discussed in Section 3.3.1, albeit
with a modification to account for the lateral dimension. Each wave property is
now computed in the x-z plane and averaged along y, with an uncertainty bound
obtained by computing the standard deviation. For the propagation speed, first
the ISW is located on each lateral x-z plane. Afterwards, the position is averaged
in the lateral and the linear least-squares model, with the linear fit, is applied to
this average wave location.
The ISW properties are shown in Figure 4.17, along with those from the two-
dimensional simulations from Figure 4.4. In Figure 4.17(a) to 4.17(c), the prop-
erties of the three dimensional simulations are shown as the blue line and the
properties of the two-dimensional shoaling simulation as the black lines. The
SCS bathymetric transect is shown in Figure 4.17(d) for reference. The location
of the subsurface and surface moorings is also shown as the black-dashed line.
Uncertainty bounds are also included in for the 3D simulation, nevertheless
these are minute (i.e. < 10−2) and barely noticeable.
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Figure 4.16: Isosurfaces of the convectively unstable ISW shoaling over the SCS
bathymetric transect at the location of the surface mooring. The isosurface val-
ues are: ρc (red) and ρ (grey). The domain is adjusted so that the overturning
isosurface can be noticed; the lateral domain is increased by a factor of 1.5. The
domain length is set to Ly = 67.5m with my = 64 lateral gridpoints. The black
arrow indicates the direction of propagation.
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Figure 4.17: Properties of the SCS shoaling simulation in two vs three-
dimensions. The properties corresponding to the two-dimensional simulations,
originally presented in Figure 4.4, are included for reference as the black-solid
line. The properties of the three-dimensional shoaling ISW are included as the
solid-blue line; these are computed in every x-z plane and averaged in the lat-
eral y direction. Uncertainty bounds have been included for the 3D simulation.
The properties include: maximum ISW-induced velocity, Umax, and propagation
speed, c, in (a), ISW amplitude, A, in (b), and ISW half-width, Lw, in (c). The SCS
bathymetric transect is included in (d) for reference. The location of subsurface
and surface mooring is demarcated as the black-dashed lines in (a) through (d).
In Figure 4.17(a), the maximum ISW-induced horizontal velocity is shown as
the solid line, along with wave propagation speed as the dashed-line. The three-
dimensional simulations exhibit similar values as the two-dimensional simula-
tions, as the curves forUmax and propagation speed overlap, in 2D and 3D. Given
the definition used for the wave properties, it is possible that while the wave is
experiencing three-dimensional breaking near the surface mooring. However,
the changes in the wave do not impact neither its translation nor the maximum
displaced isopycnal and half-width.
The Available Potential Energy (APE) and Kinetic Energy (KE) are computed
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Figure 4.18: Energy of the shoaling SCS in two dimensions (black) and three-
dimensions (blue). In (a), the Available Potential Energy (APE) is show as the
solid line while the Kinetic Energy (KE) is shown as the dotted line. In (b),
the energy relative difference is computed, with respect to their initial value
respectively. The solid-red line denotes the zero value. The SCS bathymetric
transect is included for reference in (c). In (a) to (c), the location of the surface
and subsurface mooring is included as the dashed-black lines. The standard
deviation at the subsurface mooring location is 1.03 × 10−4 MJm−1 and at the
surface mooring location is 0.0245 MJm−1.
and shown in Figure 4.18, along with the two-dimensional simulation data for
reference; the former corresponds to the blue lines while the latter to the black
lines. Similar to the method used to compute the wave length scales and prop-
agation speed, the APE and KE are computed in the x-z plane, for every lateral
gridpoint, and averaged. An an uncertainty bound is obtained from the stan-
dard deviation along this direction.
The evolution of APE and KE seems to coincide with those of the two-
dimensional shoaling simulations; as the APE increases, the KE remains rela-
tively constant. As such, the simulations may be considered two-dimensional.
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Nevertheless, at the surface mooring, Figure 4.16 revels a lateral structure con-
fined to the interior isopycnals. Here, the standard deviation has increased from
1.03 × 10−4 MJm−1 to 0.0245 MJm−1, suggesting that the ISW may have lost ho-
mogeneity in the lateral direction.
When the ISW experiences convective breaking, over gentle slopes, part of
the wave energy is utilized to mix the fluid within the core while other is dis-
sipated [102]. However, given that the present study indicates no net decrease
in energy, one might conjecture that, in the field, the energy used for mixing
and dissipation is being provided by the background current and not the wave
itself.
4.4.5 Visualizing the lateral instability at the moorings
In addition to the vertical vorticity field, shown in Section 4.4.3, the along-wave
vorticity, ωx, the lateral velocity, v′, and the isopycnals, ρ, may be used to visu-
alize the lateral instability at the subsurface and surface mooring location. The
horizontal vorticity, ωx is defined as,
ωx =
(
∂w′
∂y
− ∂v
′
∂z
)
iˆ. (4.17)
Figure 4.19 shows the contours of the horizontal vorticity (a), the lateral ve-
locity (b), and an outweighed density defined as σ = ρ− 1000 (c); all the proper-
ties are shown at the location of the subsurface mooring, in the y-z plane. The ρc
isopycnal is included as the red-solid line; this is the first isopycnal to become
convectively unstable, from the 2D simulations. The oscillations noted in the
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Figure 4.19: Visualization of the lateral instability with the horizontal vorticity,
ωx in (a), the lateral velocity, v′, in (b), and outweighed density, σ = ρ−1000, in (c)
at the subsurface mooring location, in the y-z plane. The horizontal vorticity is
computed from Equation (4.17). In (a) through (c), the isopycnal corresponding
to ρc = 1022.26 kgm−3 is included as the red-solid line. In (c), σ ranges from 22.20
kgm−3 to 22.30kgm−3.
ρc isopycnal are an indication of convective breaking. The heavy fluid, pulled
from behind the ISW into the region above the trough, displaces light fluid. As
the lighter fluid is displaced, lateral motion is induced. Lateral motion induces
horizontal vorticity, as shown in Figure 4.19(a). The outweighed density values,
in Figure 4.19(c), range from 22.20 kgm−3 to 22.30kgm−3.
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In addition to visualizingωx and v′, the lateral instability, originally shown in
Figure 4.13, may be characterized by a highly-energetic wavenumber, in spectral
space, corresponding to the actual length scale of the instability. In Section 4.4.3,
the characteristic wavenumber was found to be kint = 0.7334 radm−1. If the Power
Spectrum Energy (PSD) [140] function of the lateral velocity, Gv′v′ is computed,
over a volume that covers the convectively unstable portion of the ISW, a peak
value should reside at the kint wavenumber.
Figure 4.20 shows the PSD for the lateral velocity v′, Gv′v′ , along with a hor-
izontal cut (i.e. x-z plane) of the convectively unstable portion of the ISW. In
Figure 4.20(a), the horizontal cut shows the ρc isopycnal profile at every lat-
eral gridpoint. The PSD is computed, for every point in the x-z plane, along
the lateral direction; the resulting PSD is included as a grey-solid line in Figure
4.20(b). An average in x-z of the solid-grey lines is computed and shown as a
solid-blue line. In addition, a reference line with a slope of m = −5/3 is included
and shown as the magenta-dashed line; this slope value corresponds to that of
the inertial subrange for homogeneous and isotropic turbulence [140]. It is not
known a priori if the flow associated with the ISW becomes turbulent, and the
representative magenta-dashed line may be regarded as the first step in deter-
mining whether the flow may be turbulent or not. Lastly, the first wavenumber
on which the exponential filter acts, is shown as the black-dashed line; higher
wavenumbers are being damped.
The value of Gv′v′ decreases with increasing wave number, but the slope of
the curve does not follow the m = -5/3 value. Hence, the flow, associated with
the ISW at the surface mooring, is most likely not turbulent. In addition, no peak
Gv′v′ value can be discerned at kint, from the either the individual PSD profiles or
141
Figure 4.20: Power Spectra Density (PSD) function of the lateral velocity, v′,
computed across a volume that encompasses the core of the ISW, at the sub-
surface mooring location. In (a), the x-z plane of the volume is shown, with the
isopycnal of ρ = 1022.26 kgm−3 in red; the isopycnal profile for every gridpoint in
the lateral direction is also included. The PSD is computed for every x-z lateral
velocity value, inside the volume, in the lateral direction. In (b), the resulting
PSD is included as a gray-solid line. The blue-solid line is the averaged PSD,
obtained by averaging the PSD in the x-z plane. The magenta-dashed line is a
reference line with a slope of m = −5/3, characteristic of homogenous free-shear
turbulence. The first wavenumber on which the exponential filter acts, is shown
as the black-dashed line.
the averaged PSD. It may be possible that, because not spectral profiles, in the
x-z plane, lie within the unstable ρc isopycnal, the peak was filtered during the
process to obtain the averaged Gv′v′ , and is hidden within all the lateral profiles
denoted by the grey lines.
Figure 4.21 shows the horizontal vorticity, ωx, the lateral velocity, v′, and the
outweighed density, σ = ρ − 1000, at the surface mooring location. In 4.21(a)
and (b), ωx and v are shown along with the ρc isopycnal as the red-solid line and
the pycnocline as the grey-solid line. In 4.21(c), the outweighed density ranges
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Figure 4.21: Visualization of the lateral instability with the horizontal vorticity,
ωx in (a), the lateral velocity, v′, in (b), and outweighed density, σ = ρ − 1000, in
(c) at the surface mooring location, in the y-z plane. The horizontal vorticity is
computed from Equation (4.17). In (a) and (b), the isopycnal corresponding to
ρc is included as the red-solid line and the pycnocline as the solid-grey line. In
(c), σ ranges from 22.20 kgm−3 to 22.30kgm−3.
from 22.20 kgm−3 to 22.30kgm−3; there are a total of 11 isopycnals.
The ISW at the surface mooring location exhibits clear lateral structure, as
opposed to the subsurface mooring location. The lateral structure may be asso-
ciated with the sinking heavy fluid, that was pulled into the ISW during the on-
set of convective breaking, near the subsurface mooring location. As the heavy
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fluid sinks, it displaces lighter fluid located below, closer to the pycnoline. The
displaced light fluid rises, causing the formation of lateral convective instabili-
ties, as shown in Figure 4.21(c), which corresponds to the density field. This lat-
eral convective instability enhances the lateral structure of the flow; finer scale
vortical motion can be clearly discerned from Figure 4.21(a). This mechanism
of generation of horizontal vorticity has been studied in the context of breaking
interfacial waves [55, 12], breaking internal waves [188], and the breaking of
internal gravity waves beneath critical layers [49].
The PSD for the lateral velocity, Gv′v, is computed at the surface mooring lo-
cation. Figure 4.22 shows the obtained spectra, from a volume that encompasses
the convectively unstable region within the ISW. The x-z plane of the volume is
shown in 4.22(a), along with the isopycnal that corresponds to ρc as the solid-
red line, for every lateral gridpoint. In (b), the resulting PSD, Gv′v′ , for every
location in the x-z plane along y, is shown as a grey-solid line. The averaged
Gv′v′ , computed by averaging the grey-solid lines, is included as the solid-blue
line. In addition, a reference line with a slope of m = −5/3 is plotted. Similarly
to the subsurface mooring location, it is not known a priori if the flow associated
with the ISW is turbulent at the surface mooring location. The first wavenumber
on which the exponential filter acts, is shown as the black-dashed line; higher
wavenumbers are being damped
The slope of the computed PSD, shown in Figure 4.22(b), does not follow the
m = -5/3 value. Therefore, the flow at the core of the wave is not regarded as
turbulent, although it may be in the process of becoming turbulent because of
the changes in the average profile of Gv′v′ . The slope of the averaged-profile is
closer to the m = −5/3 value at the surface mooring location than at the subsur-
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Figure 4.22: Power Spectra Density (PSD) function of the lateral velocity, v′,
computed across a volume that encompasses the core of the ISW, at the sur-
face mooring location. In (a), the x-z plane of the volume is shown, with the
isopycnal of ρc in red; the isopycnal profile for every gridpoint in the lateral
direction is also included. The PSD is computed for every x-z lateral velocity
value, inside the volume, in the lateral direction. In (b), the resulting PSD is
included as a gray-solid line. The blue-solid line is the averaged PSD, obtained
by averaging the PSD in the x-z plane. The magenta-dashed line is a reference
line with a slope of m = −5/3, characteristic of slope of the inertial subrange
in homogenous and isoptropic turbulence. The first wavenumber on which the
exponential filter acts, is shown as the black-dashed line.
face mooring location.
Figure 4.22(b) also indicates that the smallest wavenumbers seem to be more
energetic at the surface mooring than at the subsurface mooring location, given
their higher Gv′v′ value. Large-scale lateral motion oculars due to the convective
overturn. Thus, the present study highlights the three-dimensional onset of
convective breaking and subsequent convective overturn, which leads to the
formation of the recirculating subsurface core, as the ISW shoals over gentle
slopes.
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4.5 Discussion
4.5.1 Examining the evolution of Kinetic Energy
Worthy of note is the significance of the KE and APE in the context of shoaling
and breaking waves. The KE may be regarded as the energy to be dissipated by
the breaking wave, while the APE may be regarded as the energy available for
mixing [82, 103]. When an ISW shoals, the sudden increase in APE is typically
associated with a decrease in KE through the buoyancy flux [98]; as the buoy-
ancy flux increases, the APE increases while the KE decreases. The decrease in
KE and increase in APE is shown in Figure 4.10, for an ISW shoaling without
without a background current. In the presence of a background current, the
wave KE seems to be relatively constant while the APE increases, as shown in
Figure 4.18.
The evolution of the KE, originally discussed in Section 4.4.4, may be ex-
plored by examining the two terms contributing to the production of KE
[92, 175]: the buoyancy flux and shear production. The buoyancy flux is given
as [82, 175],
B =
−gρ′w′
ρo
= −bw′. (4.18)
The shear production term is given as,
S = −u′w′Uz. (4.19)
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In Equation (4.18) and (4.19), ρ′, u′, and w′ correspond to the ISW-induced den-
sity perturbation, horizontal, and vertical velocity; the quantity Uz is the back-
ground shear, or the vertical derivative of the background current profile, U. In
the context of turbulent flows, Equation (4.18) and (4.19) may form part of the
Turbulent Kinetic Energy Equation [92], but ρ′, u′, and w′ would be associated
with the turbulent fluctuation of the ISW-induced field.
The buoyancy flux, B, and shear production, S , is shown in Figure 4.23(a)
and 4.23(b), respectively. Similar to the computation of the wave properties de-
scribed in Section 4.4.4, Equation (4.18) and (4.19) are computed in the x-z plane,
and averaged in the lateral; uncertainty bounds of this average may be obtained
by computing the standard deviation in the lateral. The SCS bathymetric tran-
sect is included for reference in Figure 4.23(c).
As the ISW reaches the location of the subsurface and surface mooring, the
magnitude of S and B increases; an increase in B corresponds to an increase in
APE [82]. The error bounds indicates that closer to the surface mooring location,
the simulation data is very uncertain. Here, the interior isopycnals are break-
ing, as noted in Figure 4.16. Prior to this breaking, it may be conjectured that the
background shear provided most of the APE gained by the ISW, as it shoaled,
thus the KE remaining relatively constant. The background shear would con-
tribute to the energy dissipated and the energy used to mix the ambient fluid.
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Figure 4.23: Evolution of the sources of KE for the shoaling ISW in the presence
of a background current; these are: buoyancy flux (a) and shear production
(b). Both sources are computed in the x-z plane and averaged in the lateral.
Errorbounds are obtained from the standard deviation in the lateral direction.
The SCS bathymetric transect is included for reference in (c). The location of the
subsurface and surface mooring is also included as the black-dashed lines in (a)
through (c).
4.5.2 Examining the Length Scales of Interest in the Shoaling
ISW
The size of the convective overturn may be obtained by considering the Thorpe
Scale, LT [175]. The Thorpe Scale is a measure how far a parcel of fluid has
been displaced from its stable reference location. For a given location in the
along-wave direction, LT is obtained by first, sorting the density profile into a
stable, and monotonically increasing, configuration, then computing the differ-
ence between the stable and unstable configuration fluid parcel depth; LT is the
root-mean-square of the difference in depth [164]. More formally, the Thorpe
Scale may be expressed as,
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LT = 〈δ2T 〉1/2 (4.20)
where δT is the vertical, z, displacement of each parcel and is defined as δT = z −
zsorted. In the present study, the Thorpe Scale is computed from the 3D simulation
data, using the approach described in Section 4.4.4, for the rest of the wave
properties. The length scale is first obtained in the x-z plane, then averaged
along the lateral direction; an uncertainty bound is obtained by computing the
standard deviation in the lateral direction.
Figure 4.24 shows the laterally-averaged Thorpe Scale, for the ISW at the
surface mooring location. In 4.24(a), the density profile for the unstable fluid
configuration is shown as the blue-solid line; the sorted profile is shown as the
red-solid line. Sorting is accomplished via a parallel sorting algorithm based
on a probability density function of the density profile [189, 178, 154]. The
corresponding parcel displacement, δT , is shown in 4.24(b). Using Equation
(4.20), the Thorpe Scale at the surface mooring is LT = 17m, with an uncertainty
of ± 1.1087m. For reference, field observations of shoaling ISWs over the SCS
bathymetric transect suggest Thorpe Scale values ranging between 6m and 52m
[102, 103].
In addition to computing LT at the surface mooring, the evolution of the
Thorpe Scale is computed along the SCS transect and shown in Figure 4.25. The
laterally-averaged LT is obtained at the location of the ISW; the result is shown
in 4.25(a). The SCS bathymetric transect is included in 4.25(b) for reference. The
location of the subsurface and surface mooring is shown as the black-dashed
lines in both (a) and (b).
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Figure 4.24: (a) Laterally-averaged profile of the stable (sorted) and unstable
(unsorted) density associated with the shoaling ISW at the surface mooring lo-
cation. (b) Laterally-averaged displacement of the fluid parcels, δT , from their
stable configuration. In (a), the unstable (unsorted) density is denoted by the
blue-solid line while the stable (sorted) density corresponds to the red-solid line.
The stable profile is obtained by sorting the unstable profile using a parallel sort-
ing algorigthm [154]. The Thorpe scale, LT , is computed using Equation (4.20)
with δt. The uncertainty in the computed length scale is ± 1.1087m. The BV
Frequency, N2, is obtained from the laterally-averaged sorted density profile.
The peak LT between mooring locations has a value of approximately 18.24m
± 0.643m. The location of this value may be a proxy for the onset of turbulent
motion [163], not the presence of turbulence itself. The maximum LT is akin
to the maximum overturn; afterwards convective motion, associated with the
falling heavy fluid and rising light fluid, drive turbulent motion. However, after
the mooring location, the LT curve increases, indicating the presence of a larger
overturn, though the uncertainty increases as well. Such phenomenon may be
linked to a possible increment of heavy fluid, that enters the ISW from behind, as
the wave shoals. Nevertheless, the large uncertainty indicates that fluid parcel
displacement varies in the lateral, most likely due to the lateral overturns, first
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Figure 4.25: Evolution of the Thorpe Scale, LT , along the SCS bathymetric tran-
sect. In (a), the laterally-averaged LT is shown along with the errorbound ob-
tained from the standard deviation, along the lateral direction. The SCS bathy-
metric transect is shown in (b) for reference. The Thorpe Scale is computed at
the location of the ISW. The location of the subsurface and surface mooring is
shown as the black-dashed lines in both (a) and (b).
shown in Figure 4.21, generated by the primary convective overturn.
Oceanographers commonly use the Thorpe Scale to estimate the dissipation
of turbulent kinetic energy. Such process involves relating LT to the Ozmidov
Scale, LO; the latter is a measure of the vertical size of the largest eddy that
experiences buoyancy and is defined as LO = 1/2N−3/2, where  is the dissipa-
tion and N2 is the BV Frequency. Field observations of mixing layers indicate
that LT/LO ≈ 0.80 [47], and with this value one can then solve for . Such pro-
cess is known as the Indirect Method of computing the dissipation [175]. Thus,
Thorpe Scale, along with the Ozmidov Scale, represent some of the most impor-
tant length scales of stratified flows.
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CHAPTER 5
CONCLUSIONS AND FUTURE WORK
The propagation of an internal solitary wave of depression over a flat sur-
face and across a gently varying bathymetry has been explored, separately, in
two and three-dimensions, using highly accurate numerical simulations. The
objective of the dissertation was to examine the role of the wave-induced pres-
sure at the bed and, also, how the water column properties impact the shoaling
process over gentle slopes, namely in the context of convective breaking of high
amplitude ISWs. Three separate studies were conducted, addressing key prob-
lems associated with aforementioned objectives. In this Chapter, the conclusion
of each study is included as a separate section. Future work is also addressed at
the end of each section.
5.1 On the ISW-induced pressure at the bed
In Chapter 2, the bed response due to the induced pressure of an internal soli-
tary wave of depression was explored. The total pressure was taken as the sum
of both the hydrostatic and non-hydrostatic components. Neglecting the effects
of the free-surface displacement induced pressure, ISWs were capable of induc-
ing bed failure, due to their inherently negative pressure, which acts to draw
fluid from the bed. A failure criterion that compares the vertical pressure gradi-
ent to the submerged specific weight of the porous medium was employed.
A small amount of trapped gas in the porous bed was assumed in the analy-
sis, to account for the possible presence of organic material decomposition. The
compressibility of the gas hinders fluid seepage through the porous medium
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during ISW propagation, substantially contributing to the pressure attenuation
near the top. This, in turn, gives rise to higher vertical pore-pressure gradi-
ent, capable of failing the bed. The simulation indicated that failure occurs for
weakly conductive materials.
The thickness of the failed layer was comparable to the documented thick-
ness of failed sediment deposits in the presence of surface waves. Furthermore,
the vertical pore-pressure gradient acted to reduce the buoyant weight of the
particles, within the bed, impacting the criterion of incipient motion and, possi-
bly, contributing to resuspension processes observed during the propagation of
ISWs. When the pressure induced by the free-surface displacement was consid-
ered, the possibility of failure was reduced across all bed types and saturation
values. At depths typical of the continental shelf (i.e. H < 100m), only silts with
a significant amount of trapped gas met the failure criteria. Deep-water ISWs
(i.e. H ≥ 100m) were still capable of inducing failure for silt beds, regardless
of the degree of saturation. These results were based on a density jump at the
pycnocline, that may not characterize that at deeper waters, where ISWs have
been observed. Nonetheless, the density jump highlighted the importance of
the wave propagation speed as another parameter responsible for the change in
pore-pressure during ISW propagation, and possible failure, in addition to the
wavelength, whose role has been identified in previous studies.
Chapter 2 largely focused on the induced pore-pressure of ISWs of depres-
sion and was limited to analyzing the vertical changes inside the bed. However,
highly nonlinear ISWs are also capable of inducing horizontal pressure gradi-
ents which might impact the bed dynamics. Studies of surface wave-induced
liquefaction have highlighted the influence of the associated streamwise pres-
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sure gradient and suggest that a failure criterion based on the horizontal pres-
sure gradient is attainable. Future work will be devoted to addressing failure
due to the horizontal pressure gradient, for both ISWS of depression and ele-
vation, by reevaluating the assumptions of the bed properties and dimensions.
Specifically, the assumption of unidirectional bed consolidation can be relaxed
by considering bed motion in the streamwise direction as well. In this case, the
horizontal and vertical scales will both enter the problem. Failure can also be
enhanced by the presence of a train of waves, due to the prolonged exposure to
pressure changes [158]. Consequently, the study of a train of nonlinear internal
waves could similarly enhance potential for bed failure.
5.2 On the formation of subsurface recirculating cores in 2D
In Chapter 3, the shoaling of an internal solitary wave of depression, over real-
istic bathymetry and background field conditions, was simulated by solving the
incompressible Navier-Stokes Equations under the Boussinesq Approximation
in two-dimensions, using a high-order spectral multidomain penalty method
(SMPM). The bathymetry, density, and background current fields in the water
column were measured by RCL2014 in the South China Sea (SCS) [103]. Particu-
lar emphasis was placed on the formation and evolution of recirculating subsur-
face cores during the shoaling process, within the constraints of 2D dynamics
where there is no viscous dissipation and fluid mixing; the aforementioned pro-
cesses are inherently three-dimensional. The objective of the study was to ex-
plore variations in the wave properties that support the existence of these cores,
as observed in the South China Sea [102, 103]. The formation of a subsurface re-
circulating core in an ISW of depression shoaling over gentle slopes had never
154
before been simulated using actual field data as forcing.
The initial conditions representing the ISW were obtained from the solution
of the Dubreil-Jacotin-Long (DJL) Equation, as forced by the observed density
and background velocity field. The computed wavefield was then interpolated
onto the deeper region of the SMPM grid. The shoaling simulation indicated
the presence of subsurface recirculating cores, as observed in the field. The cores
form because of the sign of the relative vorticity associated with the background
current, which is opposite to that of the propagating ISW. The background fields
of the simulation were kept steady in time, homogeneous in the along-wave
direction, and only varied with depth.
The location of the subsurface and surface mooring, deployed by RCL2014
along the SCS transect, was used to guide the subsequent analysis throughout
the Chapter. The simulations explored the sensitivity of core formation to the
initial wave amplitude, near-surface background shear, and maximum slope
within the SCS bathymetric transect. Rotational effects were not included, al-
though for shoaling ISWs over gentle slopes, the effect of the changing water
depth is more dominant [99].
For a given initial ISW with an amplitude of 143m, results indicated that
the height of the convectively unstable region was slightly below the observed
value. The size of the convectively unstable region was defined by demarcating
where the maximum ISW-induced horizontal velocity, Umax, equals the wave
propagation speed, c. This region was also used as a proxy for determining
the overturn length scale. The simulation suggested an convectively unstable
region of 45m in height. Other definitions used to visualize the convectively
unstable region included the streamlines in a reference frame moving with the
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wave, which showed the presence of two regions of closed streamlines, charac-
teristic of recirculating fluid. This streamline configuration was observed in the
field and is distinct to subsurface recirculating cores [102].
In addition, the impact of the maximum slope at the SCS bathymetric tran-
sect was explored by performing a simulation with an attenuated slope value,
near the location of the subsurface and surface moorings. Results showed that
the maximum slope expedited the formation of the subsurface recirculating
core. Regardless of slope value, the ISW became convectively unstable. No
changes in the length scale of the wave were noted. Thus, it may be possi-
ble that subsurface cores occur elsewhere in the ocean, yet are easily noticeable
near the Dongsha Slope given its unique bathymetry.
Variations in the initial conditions were also explored by changing the initial
amplitude and inserting larger waves. None of the simulated ISWs matched
the amplitude, half-width, maximum horizontal velocity, and wave propaga-
tion speed observed by RCL2014 at the surface and subsurface mooring loca-
tion along with the shipboard measurements. This inconsistency was attributed
to the choice of initial condition, which does not correspond to the upstream
conditions that may have resulted in the observed wave by RCL2014.
Finally, the effect of the shear, associated with the profile of background cur-
rent, was studied by modifying its near-surface magnitude, but preserving its
direction. The simulation indicated that, while the wave length and velocity
scales did not vary from the original profile, the size of the convectively unsta-
ble region near the surface mooring did; the larger the magnitude, the larger the
size of the region and possibly that of the recirculating subsurface core.
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Given that the size of the actual subsurface recirculating core may be differ-
ent than that of the convectively unstable region, future studies will incorporate
a particle tracking technique, that provides an accurate method of determining
core boundary. While visualizing the density field or the streamfunction indi-
cates the presence of trapped fluid, it is not indicative of the amount of mass be-
ing transported by the wave. The transport is large for recirculating subsurface
cores than surface recirculating cores, and it may be unique to the SCS region,
where resuspended sediment and bottom particulates have been observed to
reach the continental shelf.
5.3 On the initial instability, in 2D and 3D, preceding the for-
mation of subsurface recirculating cores
In Chapter 4, the initial instability in a shoaling of an internal solitary wave
(ISW) of depression, over realistic bathymetry and background field conditions,
was simulated by solving the incompressible Navier-Stokes Equations under
the Boussinesq Approximation in two and three-dimensions, with a high-order
spectral multidomain penalty method (SMPM). The bathymetry, density, and
background current fields, used to generate the initial conditions, were obtained
from the work of RCL2014, and correspond to the water column properties in
the South China Sea (SCS) [103].
The field observations of RCL2014, and results discussed in Chapter 3, indi-
cated the presence of a convective instability prior to the formation of a recircu-
lating subsurface core. However, it may be possible that, given the resolution of
the field instruments, and the computational resolution of the simulations, shear
157
instabilities could also be occurring as well. If these are not resolved during the
simulations, then they manifest as small perturbations of the isopycnals. There-
fore, one of the objectives of the Chapter was to examine the possible presence,
in 2D, of these instabilities during the shoaling process.
The initial conditions representing the ISW, were obtained from the solution
of the Dubreil-Jacotin-Long (DJL)Equation [106, 179, 52], with the observed den-
sity and background current field [103]. These chosen solution was the same as
that from Chapter 3. The computed wavefield was then interpolated onto the
deeper region of the SMPM grid. The grid was generated from the SCS bathy-
metric transect water depth, where the ISW propagates in the normal-to-isobath
direction, with a horizontal resolution doubled from that corresponding to the
study addressed in Chapter 3.
The location of the subsurface and surface mooring deployed by RCL2014
was used to guide the analysis of the simulation data. With regards to the pres-
ence of shear instabilities, at the subsurface mooring location, the Richardson
number (Ri) was lower than 0.10, but only at where convective breaking occurs.
This critical Ri value occurred because of the preceding convective instability,
since the wave propagation speed decreased below the horizontal velocity field,
prior to the ISW reaching the mooring location. Therefore, the primary instabil-
ity was determined to be convective, for the prescribed background density and
current profile, along with the SCS bathymetric transect.
When the simulation was restarted in three-dimensions, the computed wave
properties were very close to those from the two-dimensional simulation. How-
ever, lateral motion was detected at the subsurface mooring location and over-
turning, with a clear lateral structure, was obtained at the surface mooring lo-
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cation. Thus, the mentioned wave properties were not impacted by the core
dynamics, yet the ISW was not 2D.
The simulated ISW available potential energy (APE) and kinetic energy (KE)
indicated that, as the the APE increased, the KE remained relatively constant.
For shoaling ISWs, as the amplitude increases, the propagation speed decreases,
which is analogous to an APE increase and a KE decrease. An auxiliary simu-
lation, in 2D, without a background current was performed, to ensure that the
aforementioned process occurs; the evolution of the KE and APE agreed with
the stipulated description. Therefore, the constant KE was linked to the pres-
ence and structure of the background current.
The production of KE was associated with the background shear and buoy-
ancy flux. As the ISW shoaled, KE was being produced by the background
shear and transferred to the APE through the buoyancy flux. Thus, the KE re-
mained relatively constant throughout the simulation. The work of RCL2014
indicated that, the KE increased above the APE near the mooring location, and
then decreased below the APE, although there is a difference between their KE
definition and that used in Chapter 4. The particular definition would play a
significant role in the interpretation of the energetics of the wave.
Lastly, the size of the convective overturn, denoted as the Thorpe Scale, was
computed along the SCS bathymetric transect. The obtained value was 17m; the
value observed by RCL2014 was 52m, but for an ISW corresponding to a differ-
ent day than that used in the simulations. Field observations of convectively
unstable ISWs shoaling over gentle slopes have suggested overturn scales be-
tween 6m and 52m [102, 103].
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Future studies will focus on the turbulent flow at the subsurface recircu-
lating core. Particular emphasis will be placed on the vorticity cascade in the
lateral direction, which was simulated in the present study. An analysis of the
turbulence flow will indicate the amount of dissipation and mixing associated
with the propagating ISW. Finally, with the three-dimensional simulation, the
definition of the recirculating subsurface core can also be addressed, via the in-
corporation of a highly accurate particle tracking technique. Such method can
also provide a quantification of the recirculating core mass transport, as the ISW
shoals over gentle slopes.
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APPENDIX A
SUPPLEMENTAL MATERIAL
A.1 The Dubreil-Jacotin-Long (DJL) Equation with a baroclinic
background current
For a reference frame defined in ξ-ζ coordinates, moving with the propagation
speed of the ISW under consideration, the steady, incompressible, and inviscid
flow, the Dubreil-Jacotin-Long (DJL) Equation [106] can be derived from the in-
compressible Euler Equations under the Boussinesq Approximation [179]. The
result is the isopycnal displacement, η. If the effect of a steady background ve-
locity profile U(ζ) is included, the DJL Equation can be expressed as,
∇2η + U
′(ζ − η)
c − U(ζ − η)
(
η2ξ + (1 − ηζ)2 − 1
)
+
N2(ζ − η)
(c − U(ζ − η))2η = 0, (A.1)
η = 0 at ζ = 0,H, (A.2)
η = 0 at ξ → ±∞, (A.3)
where η(ξ, ζ) is the isopycnal displacement, c is the wave propagation speed,
N2(ζ) is the Brunt-Va¨isa¨la¨ (BV) Frequency, and U(ζ) is the background current
profile; both N2(ζ) and U(ζ) are preexising water column properties, without the
wave-driven perturbation; the subscript denotes differentiation along the spec-
ified variable. With the isopycnal displacement, the density ρ(ξ, η), horizontal,
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u(ξ, ζ), and vertical, w(ξ, ζ), velocity fields induced by the ISW can be obtained
from,
ρ = ρ(x, ζ − η), (A.4)
u = U(ζ − η)(1 − ηζ) + cηζ , (A.5)
and,
w = U(ζ − η)ηξ − cηξ, (A.6)
respectively. Note that, if there is no background current, a solution for η can
still be obtained.
Equation A.1 is solved iteratively, by first specifying a BV Frequency and
background current profile, then defining a target available potential energy
(APE) [52] for the desired wave-driven disturbance. The APE is regarded as the
minimum energy required to adiabatically bring a parcel of fluid from its dis-
placed location back to its reference location [189, 96]. The APE may be obtained
by first defining the APE density, Ea as,
Ea(ξ, ζ) = g
∫ ζ
ζ−η
(
ρ(ξ, ζ) − ρ(s′)) ds′, (A.7)
where g is the gravitational acceleration, ρ is the density field including the
wave-driven disturbance, and ρ is the background density profile, invariant in
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the along-wave propagation direction. The APE is the volume integral of Ea
(e.g. in 2D, APE =
∫ ∫
Ea dζdξ).
The iterative solver is initialized with η(ξ, ζ) first estimated from weakly non-
linear theory [52]. With the η field, the associated APE is then calculated using
Equation (A.7) and compared against the target APE. If the difference is not
below a certain threshold, then the iterative procedure resumes. At each suc-
cessive iteration, an improved isopycnal displacement estimate is obtained by
solving the nonlinear eigenvalue problem, with the previous solution of η as the
initial guess; the APE is recomputed and compared with the target value until
convergence is achieved. Throughout this iterative process, the wave-driven
disturbance progressively increases until the target APE value is reached.
A.2 Expression for Soil Compressibility Parameters
The compressibility of the bed can be expressed in terms of Lame´’s parameters
as,
α =
1
(2µ + λ)
, (A.8)
where µ is the shear modulus and λ is Lame´’s first parameter. Effective Lame´’s
parameters, denoted by λ¯ and µ¯, can be expressed in terms of the vertical ef-
fective stress, ση, of the grains by assuming that the particles are spherical and
noncohesive. The shear modulus and Lame´’s first parameter in Equation A.8
depend on the shear modulus of the grains (i.e. taken to be quartz, µ = 109GPa),
the number of contacts per particle, K, Poisson’s ratio ν, the radius of contact per
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sphere a and the particle radius R [46]. The effective vertical stress is expressed
as ση = (ρs − ρo)gη, where ρs is the particle density, ρo is the fluid density and η is
the vertical coordinate, within the bed. Assuming that deformations in the bed
are much larger than deformations in the grains, during contact, the effective
Lame´’s parameters can be expressed as,
λ¯ =
µK(1 − n)
5pi(1 − ν)
( a
R
)
, (A.9)
and
µ¯ =
2µK(1 − n)
5pi(1 − ν)
( a
R
)
. (A.10)
The contact radius the adhesion region between grains may be related to the
vertical effective stress [46]. In the absence of adhesion, the normalized contact
radius a/R can be expressed as,
( x
R
)3
=
3pi
2K
(1 − ν)
(1 − n)
σ
µ
. (A.11)
Replacing Equation A.11 in Equation A.9 and Equation A.10 yields,
λ¯ =
µK(1 − n)
5pi(1 − ν)
[
3pi
2K
1 − ν
1 − n
σ
µ
]3
(A.12)
µ¯ =
µK(1 − n)
5pi(1 − ν)
[
3pi
2K
(1 − ν)
(1 − n)
σ
µ
]3
(A.13)
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Equation A.12 and Equation A.13 requires the assumption that a small portion
of the top of the bed is unattached.
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